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Abstract

An Interpolatory Estimate
and Shift Operators

This thesis comprises two main parts. The first part, that is Chapter 2, focuses
on an interpolatory estimate for the vector—valued directional Haar projection. The
scalar—valued version of this interpolatory inequality was crucial in the work of S.
Miiller, and was later extended by S. Miiller, J. Lee and P. F. X. Miiller, in order to
obtain sequential weak lower semi-continuity for integrals arising in the theory of
compensated compactness. In Chapter 2 we will establish a vector—valued version of
this interpolatory estimate by using martingale methods suitable for UMD-spaces.
With this vector-valued interpolatory key result at hand we will extend the result
of S. Miiller, J. Lee and P. F. X. Miiller on sequential weak lower semi-continuity
to vector—valued functions.

In the second part, Chapter 3, we will give a new proof for the estimates on the
shift operators T}, and U,,, first established by T. Figiel. The proof of T. Figiel
involves hard combinatorics and has many cases to be considered, especially for
the structurally more complicated operator U,,. We will use the well-known one-
third-trick to circumvent the hard combinatorics of T. Figiel and thereby reduce
the estimates for T;, to the simplest case. Furthermore, we will decompose the
more complex operator U, into five parts, where each of these parts behaves like
the much simpler operator 7T;,. So the one-third-trick in conjunction with this
decomposition of U, allows us not only to treat the operators T, and U,, equally,
but also to consider solely the simplest case for both operators.






Kurzfassung

An Interpolatory Estimate
and Shift Operators

Diese Dissertation umfaftt zwei Hauptteile. Der Schwerpunkt des ersten Teils
ist eine interpolatorische Ungleichung fiir die vektorwertige direktionale Haarpro-
jektion, welche in Kapitel 2 behandelt wird. Die skalarwertige Version dieser inter-
polatorischen Ungleichung, war ausschlagebend in der Arbeit von S. Miiller, welche
spéter von S. Miiller, J. Lee and P. F. X. Miiller erweitert wurde, um schwache Fol-
genunterhalbstetigkeit fiir aus dem Gebiet Compensated Compactness kommende
Integrale zu erhalten. In Kapitel 2 werden wir mittels fiir UMD R&ume geeignete
Martingale Methoden eine vektorwertige Version dieser interpolatorischen Ungle-
ichung beweisen. Mit diesem vektorwertigen interpolatorischen Schliisselergebnis
werden wir das Ergebnis von S. Miiller, J. Lee and P. F. X. Miiller iiber schwache
Folgenunterhalbstetigkeit auf vektorwertige Funktionen erweitern.

Im zweiten Teil, Kapitel 3, werden wir einen neuen Beweis fiir die Abschétzun-
gen fiir die Shift Operatoren T, und U,,, welche als erstes von T. Figiel bewiesen
wurden, angeben. Der Beweis von T. Figiel, insbesondere fiir den strukturell kom-
plexeren Operator U,,, beinhaltet eine Vielzahl von Fallunterscheidungen und harte
Kombinatorik. Wir werden den wohlbekannten Eindrittel-Trick verwenden um die
harte Kombinatorik von T. Figiel zu umgehen, und somit die Abschétzungen fiir
T,, auf den einfachsten Fall zuriickfiihren. Des Weiteren werden wir den kom-
plexeren Operator Uy, in fiinf Teile zerlegen, die sich wie der wesentlich einfachere
Operator T,,, verhalten. Also ermdglicht uns der Eindrittel-Trick zusammen mit
dieser Zerlegung des Operators U,, nicht nur die Operatoren T}, und U, gleicher-
mafien zu behandeln, sondern auch fiir beide Operatoren nur den einfachsten Fall
zu betrachten.
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CHAPTER 1

Preliminaries

This brief section will provide notions and tools used frequently in what follows.
First, we will introduce the Haar system supported on dyadic cubes. Then the
notions of Banach spaces with the UMD-property and type and cotype of Banach
spaces will be discussed, briefly. We recall Kahane’s contraction principle and
Bourgain’s version of Stein’s martingale inequality. Then we turn to the shift
operators T,,, m € Z™.

The Haar System.
For the Haar system supported on cubes we refer the reader to [Cie87].
Consider the collection of dyadic intervals at scale j € Z given by

Z;={127k277(k+1)[: keZ },
and the collection of the dyadic intervals
72=2.
jEZ
We define the L>°—normalized Haar system by
hioa((t) = 110,17(t) — 111 4((F), teR,
and for every I € & set

t—inf I
hi(t) = h[o,l[(T)» t e R,

where 14 denotes the characteristic function of a set A.
In arbitrary dimensions n > 2 one can obtain a basis for LP(R™) as follows.
For every € = (e1,...,&,) € {0,1}", € # 0 define
n
h (6 =TT w5t
i=1
where t = (t1,...,t,) ER", Q=1L X---x I, || =... = |I,], I, € 2, and by h?
we denote the function
) hIw E; = 1,

1]“ g = 0.
We shall call the collection of all such cubes @ by 2, so
Qz{h Xoo-xI, : ; €2,1<i<n, |Il|:-~-:|ln|}.

For a dyadic cube Q € 2 the side length of @ is
sidelength(Q) = |I1].

Finally, define the dyadic predecessor map 7© : 2 — 2, where the dyadic pre-
decessor m(Q) is the unique cube M € 2 with M O @ and sidelength(M) =
2 - sidelength(Q). By 7*, A > 1 we denote the composition of the function 7 with
itself.
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14 1. PRELIMINARIES

Banach Spaces with the UMD—Property.

By LP(Q, u; X) we denote the space of functions with values in X, Bochner—
integrable with respect to p. If Q = R™ and p is the Lebesgue measure | - | on R™,
then set L5 (R™) = LP(R™,| - |; X), if unambiguous further abbreviated as L%..

We say X is a UMD space if for every X—valued martingale difference sequence
{d;}; C LP(Q, u; X) and choice of signs ¢; € {—1,1} one has

|ZEJ dj ||LP Qux) S Up(X |Zd |LP(Q,MX (0.1)

J

where %,(X) does not depend on ¢; or d;. The constant %,(X) is called UMD-
constant. We refer the reader to [Bur81].

Type and Cotype.

A Banach space X is said to be of type T, 1 < T < 2, respectively of cotype
C, 2 < € < o0, if there are constants A(T,X) > 0 and B(C, X) > 0, such that for
every finite set of vectors {z;}; C X we have

1
LI 0] ar < a0.3) - OETONE 0.2

respectively

LI 0] ae > Be.x) (ONCTOR 0.3

where {r;}; is an independent sequence of Rademacher functions.
It is well known that if X is a UMD-space, then for every 1 < p < oo the space
L% (R™) has (non—trivial) type and cotype (see [Mau75|, [MP76| and [Ald79]).

Kahane’s Contraction Principle.
For every Banach space X, 1 < p < oo, finite set {z;}; C X and bounded
sequence of scalars {c;},; we have

(/01 H zj:rj(t) cj $jHI;( dt)l/p < Slj}p|cj| : (/01 H zj:rj(t) xjHi dt)l/p, (0.4)

where {r;}, denotes an independent sequence of Rademacher functions. For details
see [Kah85|. Below we give a short proof, see [Kah85].

PROOF. By scaling inequality (0.4), we may assume |c;| < 1, for all j. We
represent each c¢; as the series ¢; = >, -, €5 27%, with suitable e;;, € {£1} and
observe

([I5rwae

1/p

! dt)l/p<22k</1HZrl(t)a pr dt)
¥ _k21 o - J Jk j ¥

_ (/01 H zj:rj(t) | dt)l/p.

The last equality holds true since -, 7;(t)e;, z; has the same distribution as
>_;75(t) z; for all choices of signs €jy. O
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The Martingale Inequality of Stein — Bourgain’s Version.

Let (Q,F, 1) be a probability space, and let 1 C ... C F,,, C F denote an
increasing sequence of o—algebras. For every choice of f1,..., fim € LP(Q, u; X) let
r1,...,Tm denote independent Rademacher functions, then

1 m 1 m
A ||;T1(t) E('fl|g:1)||Li"(Qp,,X) dt < C/; ||;T1(t) fiHLP(Q,p,;X) dta (05)

where C' depends only on p and X.

The Banach space X having the UMD-property assures C < oco. The scalar
valued version of (0.5) by E. M. Stein can be found in [Ste70b]|. The vector valued
extension is due to J. Bourgain [Bou86|. The proof below is taken from [FWOL1].

PrOOF. For all 0 <¢ <1 and z € 2 we define

F(t,z) = Zm(t) fi(x)

i=1
and the sets
G, = o-algebra{ry,...,r,} X F,

for all 1 <n < m. Note that {G,}, is a filtration on the product space [0, 1] x £,
and observe that

(F|9n t x Zrz fz"rf

i<n

We define F,, = E(F|G,) for 1 <n < m, set Fy = 0, and note that F' = E:’Zl F, —
F,_1. If we additionally define g,; = E(fi|Fn) —E(fi|Fn-1),2<n<m, 1 <i<m,
we see

(Fn_anl)(tvx):rn( ) fn|:}~ +Zr1 gnz
<n
In the above equation we make use of the convention of a sum over the empty set
being zero. Now we use the UMD-property on the martingale difference sequence
{Fy}n (with respect to the filtration {G,},) to obtain

11 0y = (X / / 13" (B~ Bt )

n=1
for all s € [0,1]. First, note that

Zrn F Fn 1 Zrn n fn'rf +ern gnz( )

n=11i<n

Second, with s and x fixed, consider the function

tHZ'f"n f71|§71 +ern )gnz( )

n=11i<n

and observe it has the same distribution as Y _"" | 7, (s) - (F}, — F—1)(¢, ), hence

IF s o 2 %0 | / DRCETEAE
+ern )gm )Hz;dtd$,

n=11i<n
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for all s € [0,1]. Integrating the last estimate with respect to s and applying
Jensen’s inequality yields the desired result

1 m
11 oy = %07 [ [ 13 rale) B(Sal) o) e do
Qo n=t

since fol ra(s)ri(s)ds =0, if i < n. O

The Shift Operator T,,.
For every m € Z" let 7, : 2 — 2 denote the rearrangement given by

Tm(Q) = Q + m - sidelength(Q). (0.6)
The map 7, induces the rearrangement operator T,,, as the linear extension of
Tihg = hr, (@) Qe 2. (0.7)

Let X be a UMD space, then
T = L (R") = L5 (R)]| < C - log(2 + [m])", (0.8)

where 0 < a < 1 depends on X, and C = C(n,p, %,(X),«); This result is due
to T. Figiel, see [Fig88| and [Fig90|. An new proof of estimate (0.8) and other
results concerning shift operators are provided in Chapter 3 of this thesis.

The Riesz Transform.
For all 1 < ip < n we define the Riesz transform R;, formally by

Riof = Kio * f7 (09)
xZ; n
Kio(x)zcanOH, r=(z1,...,2,) € R™ (0.10)

Details may be found in [Ste70a] and [Ste93].

Supplementary Definitions.
Denote the standard Fourier multiplier (-) by

1
(€)= (1+1¢?)”, (0.11)
for all £ € R™.
The Haar spectrum of an operator T': L% (R™) — L% (R™), is defined by

2\{Q €2 : (Tu, )y =0, for all u € L4 (R") and ¢ € {0,1}"\ {0}}. (0.12)

Given a collection of sets €, we denote by o-algebra(%’) the smallest o-algebra
containing ¥, i.e.

o-algebra(¥) = ﬂ {« : o is a o-algebra, ¢ C o }.

Given a normed vector space X, we define the vector space X™ as the cross prod-
uct of n identical copies X™ = X X- - -x X endowed with the norm ||(z1, ..., zn)| x» =

i llzillx.



CHAPTER 2

An Interpolatory Estimate for the UMD—-Valued
Directional Haar Projection

We prove an interpolatory estimate linking the directional Haar projection P(¢)
to the Riesz transform in the context of Bochner-Lebesgue spaces L%, 1 < p < oo,
provided X is a UMD-space. If ¢;, = 1, the result is the following inequality
1/T(L%, 1-1/T (L%,
1Py < € full o | Rigul 7, (0.1)
where the constant C' depends only on n, p, the UMD constant of X and the
Rademacher type T(L% ).
In order to obtain the interpolatory result (0.1) we analyze stripe operators S},
A > 0 which are used as basic building blocks to dominate the directional Haar
projection. The main result on stripe operators (see Theorem 2.5) is the estimate

ISxull g, < C - 27N Jul| (0.2)

where the constant C' depends only on n, p, the UMD constant of X and the
Rademacher cotype C(L%). The proof of (0.2) relies on a uniform bound for the
shift operators T,,, 0 < m < 2* acting on the image of S (see Theorem 2.2).

Based upon inequality (0.1) we prove a vector-valued result on sequential weak
lower semi-continuity of integrals of the form

U /f(u)da:,

where f : X™ — RT is separately convex satisfying f(z) < C- (1 + [|z| xn)P.
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18 2. INTERPOLATORY ESTIMATE

1. Main Results

1.1. A Brief History of Development.

The Calculus of Variations, in particular the theory of compensated compact-
ness has long been a source of hard problems in harmonic analysis. One develop-
ment started with the work of F. Murat and L. Tartar and especially in [Tar78,
Tar79, Tar83, Tar84, Tar90, Tar93|, and [Mur78, Mur79, Mur81|. Briefly,
we will now review their framework below. Let A be a first-order linear differential

operator of the form
A=Y A0,
i=1

where A; € L(R™,R?), and denote its Symbol by A, given by
A©) =D A&,  EeR™
i=1

One of their objectives was to impose exact conditions on a given function f :
R? — R such that
timint [ £, (o) pla) do > [ Flo@) ola) da. (L1)

™00
R7l R”L
for all ¢ € Cf, v, — v weakly in LP and A(v,) being precompact in W=7,
Particularly, f has to satisfy the growth condition 0 < f(z) < C' (1 + |z|)? and be
A-quasi-convex. The function f is A-quasi-convex if

/‘ﬂa+wwnu2fw>
[o,1]"

for all smooth and [0,1]™ periodic functions v : R™ — R? having mean zero and
A(u) = 0. Another requirement we specifically want to emphasize was for A to be
of constant rank, that is

# {rank(A(g)) : £#£0} =1.
Imposing the constant rank hypothesis on A implicates that P(§) : R™ — R™,
denoting the orthogonal projection onto ker(A(€)), is a smooth function being pos-
itively homogeneous of degree 0. As a consequence P is a Fourier multiplier, hence
T defined in the Fourier domain by Tu =P -4 is bounded from LP to itself. The
operator T' was used to decompose a given function v into

v=u+w, where u=Tv and w=v—Tv, (1.2)
with u and w satisfying

Alur) =0 and ||wr <C ||.A(v,«

[ M -10-
A reduction step allowed them to assume the sequence v, in (1.1) is [0, 1]™ periodic,
has mean zero and satisfies A(v,) — 0 in WP, These additional assumptions

combined with the decomposition v, = u, + w, according to (1.2) imply

Alur) =0 and llw|l, = 0, (1.3)
and f[O,l]"‘ u, = 0. Using that f is A-quasi-convex yields
[ fatw@)dez f@  and a0, (1.4)
[0,1]"

from which one can obtain (1.1).
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In [Miil99] S. Miiller obtained analogous results for separately convex inte-
grands f, for which the constant rank condition is not satisfied. The method
introduced by S. Miiller in [M1iil99] consists of time—frequency localization in com-
bination with modern Calderon—Zygmund theory. The result is the following. Let
f : R? — R be separately convex satisfying 0 < f(z) < C (1+2|?) and let U C R?
be open and suppose that

Uj — Uoo, Vj — Voo, in Lloc(U)
Oouj — Oooo, 010 — O1Voo, in HlOC U).

Then for every V. C U

/f(uoo,voo)gliminf/f(uj,vj)dx. (1.5)
v J7ee Jv

The basis of the result were interpolatory estimates for the directional Haar pro-
jection P®) e € {0,1}™\ {0}, defined as follows. Let v € LP(R"), with n > 2 and
1 < p < oo be fixed, then P) : LP(R") — LP(R™) is given by

POu=3"(u,h)h QI

Qe2

where 2 is the collection of dyadic cubes and hg) denotes Haar function supported
on @ having mean zero in coordinate ¢ whenever ¢; = 1. For details see (3.1) in
Section 3 on page 43. The crucial interpolatory estimate in [Miil99] was

5 1 1 2
Pl p2re) < Cllull s (R2) 1 Rigull 1o (R2)> (1.6)

where R;, denotes the Riesz transform in direction iy € {1,2}, 0 # (e1,62) =€ €
{0,1}?, and €;, = 1. The formal definition of R;, is supplied in Chapter 1.

This inequality was extended by J. Lee, P. F. X. Miiller and S. Miiller in [LMMO7]
to arbitrary 1 < p < oo and dimensions n > 2 to

1/ min(2, 1—1/ min(2,
1P ul| oy < Cllull s 1 Rigull 1oy "7, (1.7)

where € € {0,1}™\ {0}, €;, = 1. This interpolatory result was crucial in order to
establish

r—00
R

lim inf mwwwmmz/ﬂwmmmm, (18)
J

for all p € CO+ , v — v weakly in L? and Ag(v,.) being precompact in W 1P, where

O i # j,

Note that Ag does not have constant rank. The function f was required to be sepa-
rately convex and satisfy 0 < f(z) < C (1+|z|)?. In [Miil99] as well as [LMMO7|
the decomposition (1.2) based on Fourier multipliers is replaced by

v=P)+ (v—P)), v=(W,.. . M),

where Pv = (P(¢)y(M) . Pn)y()) and the e, are the standard unit vectors. For
the first part P(v) they used the following form of Jensen’s inequality

f( / P(v)dm>§ / F(P()) da. (1.9)

[0,1]™ [0,1]™



20 2. INTERPOLATORY ESTIMATE

For the second part v — P(v) the interpolatory results (1.6) respectively (1.7) were
used to dominate v — P(v) by

1-0
0 .
lo=P@l, <c ol (SXIae,) 0o
i i
for some 0 < 6§ < 1. Again, one can assume that v, is [0, 1] periodic, has mean
zero and Ag(v,) — 0 in WP, Consequently, Ri(vﬁj)) — 0 in LP, for all ¢ # j,
and inequality (1.10), which was deduced by the interpolatory result (1.7), implies

[[or = P(wr)]|, = 0. (1.11)

Rescaling (1.9) and using (1.11) shows

fla+P@)(@)de > fl@)  and v, — P, >0,  (L12)
[0,1]"

which are the same key properties as for the classical decomposition v, = u, + w,,
see (1.4), from which one can obtain (1.8), again.

Let us emphasize that the methods to obtain the key properties (1.4) for the
decomposition v, = u, 4+ w, are based on Fourier multipliers requiring the operator
A to satisfy the constant rank hypothesis. Note that the operator Ag is not of
constant rank, and the methods used to establish the key properties (1.12) for the
decomposition v = P(v) +v — P(v) are based on Jensen’s inequality (1.9), and the
crucial interpolatory result (1.7).

One can rewrite the interpolatory inequality (1.7) using the notion of type
J(LP(R™)) = min(2, p)

1/T(LP(R™ 1—1/T(LP(R™
1Pl oy < C lull g & 7 N Rigull| ooy . (1.13)

It is in this form that (1.7) can be given a vector—valued extension, see esti-
mate (1.14). In [Miil99] and [LMMO7] the proofs of (1.6) respectively (1.7) are
based on two consecutive time—frequency localizations of the operator P(¢), based
on Littlewood—Paley and wavelet expansions. The LP—estimates in [LIMMO7] were
obtained by systematically interpolating between the spaces H', L? and BMO. In
this thesis we obtain vector-valued extensions of (1.13), see Theorem 1.1, work-
ing directly on L% avoiding interpolation and using martingale methods, instead.
Having Theorem 1.1 at our disposal allows us to extend the result of [LMMO07]| on
sequential weak lower semi-continuity, that was inequality (1.8), to vector-valued
functions detailed in Theorem 1.2 on the facing page.

1.2. The Main Results.

S. Miiller asks in [Miil99] whether it is possible to obtain (1.6) in such a way
that the original time—frequency decompositions are replaced by the canonical
martingale decomposition of T. Figiel (see [Fig90]). This thesis provides an
affirmative answer to this question. The details of the decomposition are worked
out in section 3. This allows us to extend the interpolatory estimate (1.13) to the
Bochner-Lebesgue space L% (R™), provided X satisfies the UMD-property. With
this vector-valued interpolatory estimate we obtain a vector-valued extension of the
result of [LMMO7] on sequential weak lower semi-continuity, as well.

Let 1 < p < oo, and let X be a UMD space ([Mau75]) with type T(X). It is
well known that X has non-trivial type T(X) > 1 and cotype C(X) < oo ([Mau75],
[MP76| and [A1d79]). Consequently, L% (R™) has non—trivial type T(L% (R™)) and
cotype given by min(p, T7(X)) and max(p, (X)), respectively (see [LT91, section
9.2, page 247)).
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The main inequality of this thesis reads as follows.

THEOREM 1.1. Let 1 < p < oo and X be a Banach space with the UMD -
property. Denote by T(L% (R™)) the (non—trivial) type of L% (R™). Let

e=(e1,....e0) €{0,1}" with &, =1.
Then for every u € L% (R™)

1/T( R™ 1-1/T( R™
1POull g @y < C Il ™ I Rigul s s =7, (119)

where the constant C' depends only on n, p, the UMD constant of X and the type
T(L% (R™)).

For the proof of Theorem 1.1 see subsection 1.4 on page 23.

The LP—estimates of Theorem 1.1 on the facing page are obtained directly from
estimates of rearrangement operators avoiding the detour to the endpoint spaces
H' and BMO. The basic tools for the proof of the above theorem are vector—valued
estimates of stripe operators S, developed in section 2. We also point out that the
L?—estimates for the stripe operator are obvious in the scalar case, but form the
main obstacle in the vector valued case.

The vector-valued interpolatory estimate (1.14) allows us to extend the scalar
valued result (1.8) on sequential weak lower semi-continuity to the vector-valued
result Theorem 1.2 below. Note that the only additional hypothesis is (1.19), which
is superfluous in the scalar-valued case.

THEOREM 1.2. Let X be a Banach space with the UMD property and 1 < p <

oo. Let Ag : LP(R™; X™) — W=LP(R™; X" x X") denote the differential operator
given by

(Ao(w), ; = {o 7 (1.15)

where u = (u(j))?zl, Assume the function f : X™ — R is separately conver and
satisfies

0< f(2) < C- (14 allxn)", (1.16)

for all x € X™, where C > 0 does not depend on x. Let the sequence {v,} C
L(R™; X™) be such that

vy = v weakly in LP(R™; X™), (1.17)
Ao(v,)  precompact in WIP(R™; X" x X™), (1.18)

and
||((vﬁj) v h(eJ) ] 1||Xﬂ —0 foral Qe 2. (1.19)
Then we have
lirrggf f(vp(2)) p(z)dz > /f(v(ac)) o(x) de, (1.20)
R» R»

for all ¢ € CF (R™).

The proof of Theorem 1.2 may be found in subsection 1.5 on page 23.
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1.3. The Main Inequality and Interpolation.

The interpolatory main result, Theorem 1.1, represents a result on interpolation
of operators, linking the identity map, the Riesz transforms and the directional Haar
projection. We would now like to give a reformulation of Theorem 1.1 which places
it in the context of structure Theorems for the so called K—method of interpolation
spaces. To this end, we first introduce the K—functional, cite the relevant structure
theorem (Proposition 1.3) and apply it to the interpolatory inequality (1.14).

Define the K—functional
K(f,t) = inf {||gllz, +tl|hle, : f=g+h, g€ Eo,heEr},
for all f € Fyp+ E1 and t > 0, and the interpolation space
(Eo,E1)on={f: fE€EE+E1, ||f
where 0 < 6 < 1, endowed with the norm

* d
||f||e,1=/0 t‘eK(f,t)Tt.

The following Proposition 1.3 interprets interpolatory estimates such as the
ones obtained in Theorem 1.1 in terms of continuity of the identity map between
interpolation spaces. The following proposition is a result of general interpolation
theory (see [BS88, Proposition 2.10, Chapter 5]).

0,1 < 00}7

PROPOSITION 1.3. Let (Ey, E1) be a compatible couple and suppose 0 < 6 < 1.
Then the estimate

Iflle < Cllflloa (1.21)
holds for some constant C' and all f in (Eo, E1)e,1 if and only if

Iflle < CUF " 11,
holds for some constant C and for all f in Ey N Ey.

In the following we will specify the spaces E, Ey and E; so that the two
equivalent conditions of the above proposition match precisely the assertions of
Theorem 1.1.

Application of Proposition 1.3 to Theorem 1.1.

Fix 0 # ¢ € {0,1}", let R denote one of the Riesz transform operators

R; : L% (R") — L% (R")

defined in Chapter 1, where ¢; = 1, and abbreviate P¢) by P. If we define the
Banach spaces

E = L% (R")/ ker(P), lu+ker(P)l|5 = | Pull g, ).
Eo = L} (R"), lallzo = llull oz, @y
By = Iy (R")/ kex(R), lu+ ker(R) |, = | Rul s, )

then Proposition 1.3 together with Theorem 1.1 yields
(Eo, Er)o1 — E.

In other words, there exists a constant C' > 0 such that
lullz < C-lullo,1,

for all u € (Eo, E1)g1-
We summarize this brief discussion in the following
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THEOREM 1.4. Let 1 < p < oo, and let X be a Banach space with the UMD -
property. Denote by T(LE (R™)) the (non-trivial) type of L% (R™). Furthermore,
let

e=(e1,...,en) €{0,1}"* with &, =1,

and define
Eo = L& (R"), a0 = Null g, e,
By = L% (R")/ ker(Ry,), [+ ker(Rig) || g, = | Rioull Lz, zn)>
Then there exists a constant C' > 0 such that

1P|z gny < C - Ilullo,n, (1.22)
for all uw € L (R™), where =1 —1/T(L%).

The connection to general interpolation theory was pointed out by S. Geiss.

1.4. Proof of Theorem 1.1.
The subsequent proof of Theorem 1.1 merges the vector valued results of
this thesis, particularly Theorem 3.6 and 3.4. Besides replacing the scalar val-

ued estimates with our vector valued analogues we repeat the scalar valued proof
in [LMMO7].

PRrRoOOF. Within this proof we shall abbreviate L% (R™) by L.
First, define M € N by

[ Rio + L% — L] - llull oy

oM—1 X < oM, (1.23)

([ Rigul Lz,
Second, use decomposition (3.2) and (3.8), that is

P(E) =P + ZPZ(E)v
>0

and observe,

M oo
1POul| s < |PER Riyulln, + > IPR: Rigulln, + > [Pyl
=0 =M

If we apply Theorem 3.6 on page 57 to the first two sums, and inequality (3.43) in
Theorem 3.4 on page 49 to the latter sum, we get

1P R Rigull pr. < || Rigull s
— P
IPR, Rigul gy, < 277050 || Rygul| .z
and

—J(1——L
1Pl 27T ful| e

~

Thus we can dominate ||P(5)u||L§( by a constant multiple of

M 0o
» G ——
|Rigullg, + 3277050 [ Rogull gy, + 7 27T u .
1=0 I=M
Evaluating the geometric series yields
, ,M(lf;)
1POul g, S 2MTE || Rigul| g, +2 T [l

and plugging in M concludes the proof. O
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1.5. Proof of Theorem 1.2.
We will divide the proof into four steps. Define the projection P : LP(R"; X™) —
LP(R"; X™) by
P(v) = (P@)pD), plen)ym)y.

where v = (v))"_,  and

POu=3"(u,h)hS QI
Qe2
for all u € LP(R™; X)), € € {0,1}™\ {0}.
In the first step we will see how the interpolatory estimate (1.14) is used to
obtain

[P (wr) — wTHLP(R";X") -0,

whenever w, — 0 weakly in LP(R"; X") and {Aq(w,)} is precompact in W =1 (R™; X" x
Xm).
In the second stage of the proof we will show

f(Eap(Pv)) < En (f(Pv)),

Eyu= Z (ﬁQ/u(x)dx)lQ

QeE2Mm

for all uw € LP(R™; X™). Recall that 2, is the collection of dyadic cubes having
measure 2~ M,

Besides using vector-valued analogues, the first two steps are essentially the
same as in the scalar-valued case (see [Miil99] and [LMMOT]).

The third step of the vector-valued proof is different. This is where the addi-
tional hypothesis (1.19) enters. It is there where we obtain the weak lower semi-
continuity

where

1iminf/f(vr) pdx > /f(v) pdz,
T—>00

R7L R’!L
assuming that v is a finite sum of Haar functions, and ¢ has support in (0, 1)".

The restrictions on v and ¢ will be lifted in in the last step by approximation.

PrROOF OF THEOREM 1.2. STEP 1. Within this proof we shall use the abbre-
viations WP for W=LP(R™; X" x X™) and LP for LP(R™; X™).
Recall that the projection P : LP — LP is given by

P(’U) = (P(el)v(l)’ e P(en)v(n))’
where v = (v(j))?zl. We will show that
||P(wr) a w’"HLP — 0, (1.24)

whenever w, — 0 weakly in LP and {Ao(wT)} is precompact in WP, Note that
the operator Ay : LP — W 1P being bounded implies

H.Aowr — 0, as r — oo.

[

We will prove (2.16) using the interpolatory main result Theorem 1.1 on page 20.

To this end, we dominate the Riesz transform by operators 77 and T, mapping

{w,}, into a zero-convergent sequence. Let the smooth function ¢ : R” — [0, 1]

satisfy supp(v)) C {€ : |¢] <1} and ¢(§) =1, if |¢| < 1/2. Then, for every u € Lk
we have

Riu =T Ri(u) + To F ' ((€)7'& Fu), (1.25)
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where Ty (f) = 5 (- Tf), To(f) = T~ (m-Ff) and m(€) = (1—(€))-(€) - €]~
Observe that

089 (9)] < Aa, for all o and &,
|8§‘m(f)| < Ay - €)7o for all & and £ # 0.

This means m is a Fourier multiplier of order 0, and by [McC84, Theorem 1.1] we
know that 7> maps L% (R™) boundedly into itself. Let K = F~ ¢, then Tt f = Kxf,
and by partial integration one can see

K ()| < Ao - |27,

for all @ and = # 0. Thus, K € L} ¢(R™), and Theorem 4.3 on page 60 implies T}
maps L% (R™) compactly into itself. Now we insert w ,j #iin (1.25) and gain

HRi(wﬁj))HLp < HT1 Ri(wy))HLﬁc + ||T2 : L_I;{ — L_I;(H . Haing)HW);l,p.

Since T} R; is compact and w£ N weakly in L%, we infer HTl R; (wﬁj))HL,} — 0.
X
The operator Ty being bounded and H.AO(?UT)HW;L;D — 0 as r — oo, implies that

the latter term tends to zero as well, hence

HRi(wﬁj))HLp — 0, for all i # j as r — oo. (1.26)
X
Finally, we will apply the interpolatory estimate (1.14) to P(w,) — w,., observe
N
1P - wrll,, <€ S @ - Irruldllys @
where 0 < 6 < 1, and j* is an arbitrary index in {1,...,n}\ {j}. Combining (1.26)
and (1.27) yields the desired result (2.16).

PROOF OF THEOREM 1.2. STEP 2. We will prove the following version of Jensen’s
inequality for separately convex functions f on the range of P,

F(Eai(Po)) < Bar (F(Pv)), (1.28)

Fare = IQI/

QE2M

where

for all u € LP, keeping in mind that LP = LP(R"; X™), and 2, is the collection of
dyadic cubes havmg measure 2~ M,

First we will show
f( / P(v)dx>< / F(P(v))dz. (1.29)

[0,1]" [0,1]"

Once we have established (3.22), rescaling and translating (3.22) yields the desired
inequality (2.17).

k
Define the Haar projections Pég)u = Z Z (u,h8)>h8) |Q| ™, for every
J=—00QeZ2;
u € L%, k € Z, and furthermore

P = (P,Eel)v(l), e Pée")v(")),
for allv € LP, k € Z.
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Let k£ > 0, then

/f(Pkw))dx: 3 / FPED (0)),) da

[071]11 QEQk\[O,l]"Q
= > [ HPE D)+ hg i) de
QeZi|[0,1]"

Observe that P,Eejl)(v(j)) | Q = ag) is constant, and h(er)(a:) = h(er)(acj), for all
z € @and 1< j <n. Since f is separately convex, we apply Jensen’s inequality
to each direction e;, 1 < j < n yielding

/f(Pk(v))de 3 |Q|~f<<i/a(j)+08)h(c§j)($j)dxﬂ'>n )

®) ,
[0,1]™ Qe2;|[0,1]™ |IQ |I((Jj) j=1
= > el AR D)),
QEZ|[0,1]m

where []}_, Ig) = Q. Hence,

/f(Pk(v))de / f(Pr—1(v)) de,

[071]n [071]n

for all k > 1. Since P_;(v) is constant on [0, 1]™, we certainly have

[ eaenas=s( [ Pawa).

[071]n [071]n

so by induction on k£ > 0 we gain

/f(Pk(U))dl"Zf( / Pk—l(v)dﬂﬁ),

[0,1]™ [0,1]™

for all k > 1. If we let k — oo, the last inequality yields estimate (3.22), from
which (2.17) follows immediately by rescaling and translating (3.22), as mentioned
above.

PrOOF OF THEOREM 1.2. STEP 3. First, we will assume that v is a finite
Haar series, and supp(y) C (0,1)".
Let 8 C 2 be a finite collection of pairwise disjoint dyadic cubes such that

V= Z cglg. (1.30)
Qe
Now define
fo(z) = f(x + cq), forall Q@ € 2 and z € R". (1.31)

Theorem 4.1 on page 58 asserts that

fa(@) = faw)| < A(n.pocq) - (1+ zllxn + lyllxe)"" - o —yllxn,  (1.32)

for all z,y € X™. We shall abbreviate A(n,p,cq) by A. If we set w, = v, — v,
then since w, — 0, weakly in LP and {Ag(w, )}, is precompact in W~1P. We know
from (2.16) in the first step of the proof that

HP(wT) —wTHLP — 0, as r — 00. (1.33)
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Let @ € £ be an arbitrary dyadic cube. A glance at (1.30) and (1.31) shows

[ eede= [ fotw) pds
Q

Q
— [ o(Punods+ [ (folw) - fo(Pu,) od.
Q Q
In view of the Lipschitz estimate (1.32), the latter term is bounded by

p/q

A1+ wrllxn + [1Pwpllxn [t 10

fwr = P,

where % + % = 1. Since sup, ||wr < C, for some constant C', we gain

Iz

/f(vr) pdx > /fQ(PwT) pde—A-C-||w, — PerLp. (1.34)
Q Q

We introduce the conditional expectation E,s

/fQ(PwT)apdxz/fQ(Pwr) IEMgadx—l—/fQ(Pwr) (p —Epp)dz, (1.35)
Q Q Q

for every M € Z. If M is sufficiently large, then

/fQ(PwT) En pdx = /IEM (fQ(PwT)) En pdx
Q Q

and applying Jensen’s inequality on the range of P, that is inequality (2.17), yields

/fQ(Pw,«) EMgodxz/fQ(EM(Pwr)) En pdx
Q Q

— [ o0) B oda + [ (falBar(Pun)) - fo(0) Ear pda
¢ ¢ (1.36)

Using the Lipschitz estimate (1.32) and the LP boundedness of {w, }, as above, we
can dominate last term of (1.36) by

A-C||Ex PwTHLp(o,l)"'

Combining this with (1.34), (1.35), (1.36), and using the estimate fo(Pw,) <
Aleq) - (1 + |[[Pwy||xn)P, in the latter term of (1.35), we gain

/f(“r)‘ﬁdx Z/fQ(O) Eyvodr—A-C- HEM Pw’“HLp(o,l)"
5 5 (1.37)

—Clle—Enmel = A4-C-flur = Pur,.

Now let us consider
Ey Pw, = 3 (<P(€J‘)w£j)’h§j)> pic) |K|_1) |
2-Mn <|K|<2Mn -
+ Z (<P(e_j)w£j)7h§?.i)> h;?j) |K|—1)
| K| >2Mn

Jj=1
n

Jj=1
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then with M fixed, the first term converges to zero as r — oo in view of (1.19).
The LP(0,1)™ norm of the latter term is dominated by

S e [K]F T < €2 2MGD,

|K|221\1n
KD[0,1]"

where % + % = 1. Plugging this into (1.37) and considering (3.21) we have that

r—00

Q

for all M. Letting M — oo, recalling (1.31) and (1.30) and noting fo(0) = f(v(x)),
x € @, we obtain

liminf [ f(v,)pda > /fQ(O) Ey ode—C'- Hgo —En <pHLm(O71)n — C-QM"(%_D,

T—>00

hminf/f(vr) pdx > /f(v) pdz,
Q Q
for every @ € 2. Since Z is a finite collection, summation over ) € £ yields

liminf [ f(v,) godx>/f ) pd,

r—00
‘%*
where #* = UQe 2 Q- Repeating the argument above with fq replaced by f shows
that

Jim inf / Fo)) pda > / F(v) pda.

T—00
(@*)c (@*)C
Note that w,(z) = v.(z), for all z € (#*)°. Adding the latter two estimates yields
1iminf/f(vr) pdz > /f(v) pdx, (1.38)
7—00
R7l R”L

under the additional restrictions of v being a finite Haar series and ¢ having support
n (0,1)™.

PRrROOF OF THEOREM 1.2. STEP 4. Consider the auxiliary operators Py, k >

1 given by
Pau=>" 3" > whhnd QI

e£0j:]j|<k Qe2;
QCB(0,k)

where B(0,k) = {x € R™ : |z| < k}. Due to the UMD-property and the uniform
boundedness principle
HPk—Id : Lp—>LpH — 0, ask — oo.
Now we will lift the restriction that v is a finite Haar series. We know from Step 1
that
||wr — P(wT)HW_Lp — 0,
where w, = v, —v. Let kK > 1 and consider

[P = P Pewr | < 172 5 22 2]y = Pl
If we apply Step 3 to Px(v,) in place of v,., and Pyv instead of v we gain from (1.38)
lim inf/f(kaT) pdr > /f(ka) pdz, (1.39)
T—>00
R’IL R’!L

for all k£ > 1. In view of the Lipschitz estimate (1.32) and P — Id, we may lift the
restriction of v being a finite Haar series.
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Now we lift the restriction supp(p) C (0,1)", so let ¢ € Cf (R™) be arbitrary.
Let ny € CJ(O,l)”, k > 1 be functions such that 0 < nx < 1 and nx — 1 1)»
point-wise. Now extend 7 periodically to R™, and note that

lirginf / flup)pda > lirginf / flup) pneda
R7l R7l

= > timint [ () 10m.da,
Q=1 Rn
for all k > 1. Since 1g - ¢ - mx € Cy (Q), translating the integration domain of
inequality (1.38) from [0, 1]™ to the dyadic cube @ yields
liminf [ f(v.) pdz > /f(v)@nk dz,
o R Rn
for all £ > 1. Letting & — oo concludes the proof of Theorem 1.2. O
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2. The Stripe Operator S)

Here we define and study the stripe operator Sy (defined in (2.6)), mapping
hg, @ € £ onto the blocks g, x, each supported on a dyadic stripe (see (2.3), (2.5)
and the Figures 1 and 2). The vector—valued estimates given by

[Sxttll e gy < C - 27 CEXED [ o gy, (2.1)

constitute the main technical component of the first part of this thesis (see Theo-
rem 2.5 on page 38).

The crucial points in the proof of (2.1) are the cotype inequality (0.3) and
Corollary 2.4, that is the uniform equivalence

¢ I5ullog @ny < 1 TmeeaSxullpg @y < C - 1Sxul oy my, (2.2)
foral0 <m <2*—1and u € L% (R™), where C' does not depend on u, A and
m. In other words, the operators T, 0 < m < 2* — 1 act as isomorphisms on the
image of S, with norm independent of m and A. This is in contrast to the well
known norm estimates ||T}, : L5 (R™) — L% (R™)|| ~ log(2 + m)®, see (0.7). More
details are supplied in Section 2 in the second part of this thesis.

2.1. Preparation.
Within this section the superscripts (&) are omitted and we generically denote

by hq one of the functions {hg) 1 e€{0,1}"\ {0}}.

For every Q € 2 and X\ > 0 define the dyadic stripe
. A _ . s
% Q)={FEec2:\E)=Q, :greljfgxl = qlggql}, (2.3)

where x; respectively ¢; denotes the orthogonal projection of x € R™ respectively
q € R™ onto the vector e; = (1,0,...,0). Recall that 7*(E) is the unique Q € 2
such that |Q| = 2*"|E| and Q D E. The dyadic stripe % (Q) is illustrated in
Figure 1. Additionally, set

n=J %@ (2.4)

Qe2

?(_;A sidelength(Q)

sidelength(Q)

s
N
5|

€2
€1

FIGURE 1. Dyadic stripe %, (Q) in dimension n = 2.
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l2(_;\ sidelength(Q)
Q
@ -
=| I
o 3
g[S
?) —
=
0 —
hp T
| 1 €9
€1

FIGURE 2. Stripe functions gg,x in dimension n = 2.

We define the stripe functions gg x by

9Qx = Z hE, (2.5)

Eeu\(Q)

and the stripe operator Sy by

Sxu=_(u,hq)gox Q™ (2.6)
Qe2
for all u € LE (R™).
The stripe functions are visualized in Figure 2.

2.2. Shift Operators Acting on Dyadic Stripes.

In Lemma 2.1 we prove a measure estimate regarding one-dimensional dyadic
stripes %y, A > 1 defined in (2.8) and the action of dyadic shift maps 7,,,, 0 < m <
221 given by

Tm(I) =T+ m-|I|, l1e2.

These estimates will then enter inequality (2.2), where we prove the uniform

estimates

1
lol HUHL’)’((]R) < HTmuHL’)’((R) <C- HUHL’)’((R)’ (2.7)

for all u supported on .#) and 0 < m < 2* — 1. The constant C' does not depend
on A or m. The shift operator T,, is defined in (0.7). A more detailed discussion of
T,, may be found in Section 2 of Chapter 3.

The subsequent Corollary 2.4 on page 36 states that T}, acts as an isomorphism
on the image of Sy, with norm independent of m and A, provided 0 < m < 2* — 1.

Before we state Lemma 2.1, we build up some notation. Recall 7* : Z — Z is
given by

M I) = J,

where J is the uniquely determined J € 2 such that |J| = 2* |I| and J D I. Finally,
define the one-dimensional stripe .%) by

A ={I€2 :infl=infr*I)}. (2.8)
LEMMA 2.1. For every A>11let 0 <m < 22~1 and
Tm(I) =1+ m-|I|, Ieg.
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Let B C &5 such that for all J, K € B with |J| # |K| either
1< 31K o |K|< 10
— 4 — 4"

Then the estimates

-1

A
2
In JU ()| < 211,
U U sumo| <3
d=1 JeB
|J]=2"¢ 1]

and

hold true for all I € A.

ProoFr. First we claim that for every I € BU 7, (%), 1 <d < A—1 and
J, K € # with |J| = |K| = 27?|I] holds true that whenever

(JUTm(INNIT#D and (KUT,(K)NI#0, then J=K. (2.9)
We assume that the asserted implication (2.9) is incorrect. Hence we can find
intervals I € U 7,(%), and J,K € % with J # K, |J| = |K| = 2=¢|I| where
1 <d< X—1, such that
(JUTn(IN)NIT#0 and (K U7, (K))NI#0.
Since J # K we know from the definition of # that
dist (7, (J), T (K)) = dist(J, K) > (2* — 1) |.J|,
consequently
dist(J U 7 (J), K UTin(K)) > (2* =1 —m)|J].
We know I intersects both, J U7, (J) and K U7, (K), so

|| > dist(J U1 (J), K U T (K)) +2|J]
> (2 —m+ 1)27 1]
> 2N+ 1) 274
> |11,
which is obviously a contradiction.

Hence (2.9) holds true, which means that for all 1 < d < X\ — 1, every interval
I € U, (%) intersects at most one element of the set

{(JUTm(J) e B : |J| =271}

If such a J exists, we denote it by J4(I) € %, and define J4(I) = 0 otherwise. Note
that for small shift widths m or small J it may happen that Jg(I) U7, (J4(I)) C I.
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Using (2.9) we see that for every I € U 1, (%)

A—1 A—1
nlJ U Jum@)] <D 10 (Jad) Urn(Ja)))]
Tl -

A—1
<> 2+ Ja(D)]
d=1

<2307
d=1

2
=21
=2

The last inequality follows since for J, K € 4, if |J| # | K], then either |J| < |K|/4
or |[K| < |J|/4. O

For m € Z the shift operator T, is given by
Tmhl = h‘rm(I)v Ie @7

where 7,,,(I) =T+ m-|I|, I € 2, (see (0.6) and (0.7)). We will now investigate
the action of T}, restricted to functions supported on the dyadic stripe %\, A > 0
defined in (2.8), that was

A ={1€P :infI=infr*I)}.

Observe that .%y is the spectrum of the stripe operator Sy, when it is restricted to
lines in direction (1,0, ..., 0). This will be discussed in more detail in the subsequent
Corollary 2.4 on page 36. For now, we dedicate ourselves to the one-dimensional
case.

THEOREM 2.2. Let X be a Banach space with the UMD property and 1 < p <
oo. For A > 0 define the linear subspace Zx of L% (R) by

7\ = { S urh |17t ur € X} N L2 (R). (2.10)
IS
Then there exists a constant C' > 0 such that for all integers A and m satisfying
0<m<2*—1 we have that

< HTm“HLg’((R) <C-: | (2.11)

1
lol HUHL’)’((R) |UHL§((R)’

for all w € Zy, where C' depends only on p and the UMD constant of X. In other
words, Ty, acts as an isomorphism on Zy with norm independent of m and \.

Proor. With A > 0 fixed, we will first prove

1
Il HUHL’)’((]R) =< HTmuHL’)’((R) <C: HUHL’)’((R)’ (2.12)
for all 0 < m < 2*71 and u € Z). Once we have (2.12), it is easy to see by

symmetry that we also have

1
ol ||T2*—1u||L§((R) = ||Tm“||L§(R) <C- ||T2*—1u||L§(R)’
for all 2271 —1 <m < 2* — 1 and u € Z,. Certainly, (2.12) together with (2.13)
implies (2.11), since we may join (2.12) and (2.13) at the intersection of the two
collections of operators

(T, - 0<m <21}y and  {T), : 22 ' —1<m <2 -1},

(2.13)
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that isat m =2 1 orat m =2*"1 — 1.

We begin the proof of (2.12) by defining the four collections

A-1 A—1
0 0
'@odd = U U ‘y)\ N @2j)\+k7 '%even = U U y)\ N @2j>\+k7
JEZ k=0 JEZ k=0
k odd k even
A—1 A—1
1 1
Baa=U U A% Bhew=U U AN 2050000
JEZ k=0 JEL k=0
k odd k even

Let £ denote one of those four collections. The collection Z consists of A consec-
utive levels, followed by a gap of A levels, followed by A consecutive levels and so
on. Within this proof we shall refer to intervals located in the same A consecutive
levels of # as block.

We claim the existence of a filtration {J;};, such that for every j € Z and
I € N Pj exists an atom A(I) of JF; satisfying the inequalities

A2, TNADIZ I, DN AD 2SI (214)

Now, for each I € £ we will define atoms inductively, beginning at the finest
level of a block. More precisely, fix an arbitrary b € Z such that for all I,I' € &
with |I] = 2% and |I'| < |I] follows |I’| <27 |I|. Initially, define

A =ITUTy(I), (2.15)
for I € N Py. Assume we already constructed atoms A(J) if 27° < |J] < 277,
Then define for every I € 2N Z,_1 the atom A(I) by

b
A =(TurO)\N (Y U AW). (2.16)

k=35 JEBND}

Applying Lemma 2.1 on page 30 to the atoms A(I) C I U7, (I) inside the block
b,b—1,...,b— (A—1) we gain

b
1
tnami=i-irn J U Az,
k=b—(\—1) JEBND,,
and analogously
1
|T7n(I) N A(I)| 2 g |I|a

which yields (2.14). Finally we define the collection

oy ={A(I) : 1 € BN D}, (2.17)
and the filtration
JF; = o-algebra ( U ,524) (2.18)
i<j

What is left to show is that every A € 7 is an atom for the o-algebra J;.

To see this we reason as follows. First note that each two atoms are either
localized in the same block, or are separated by at least A levels. If atoms A([) and
A(I") are in the same block, then they do not intersect per construction (see (2.15)
and (2.16)). Whenever A(I) and A(I’) intersect and |I'| < 27*|I|, then since

A(I') C (I' U (1) € 7N (T)

we have

I N A(I) # 0.
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Clearly, A(I) comprises of cubes K which are at least as big as 7*(I’), so note
| 7 (I")| < |K|, hence

A(I') C A(I).
This means that (J; < is a nested collections of sets, thus every A € &/} is an atom
for the o—algebra J;.

Now we are prepared to estimate the shift operator T),,. To this end we let
u € Zy be fixed throughout the rest of the proof. Having (2.14) at hand and
knowing that the collection 7; comprises of atoms of J;, observe

1; <18-E(E (1,0 15;) | Z), (2.19)
and analogously
1. <18-E(E(11|F;) | 2;). (2.20)

The UMD property and Kahane’s contraction principle applied to |hy| < 1
yields

1
P
T B DIXAORCON
0 jez
where (-); denotes the restriction of the Haar expansion to intervals in %;, and
Th; = 1;. More precisely, if

=S
JEL I€D;
then

]I(u)] = Z urly |I|_1.

IE@j
So applying Kahane’s contraction principle in view of (2.19) yields

1
gy S [ 130730 B (B (0415 2) 5
JEZ

Using Stein’s martingale inequality (0.5) with respect to the filtration {Z;},; gives

1
P
el ey [ 130 0) B (1) 1) g o
0 jez
Now we apply Stein’s martingale inequality with respect to the filtration {J;}; and
gain

1
p
[l e S [ IS0 MTms | oy
0 jez
Subsequently, we apply Kahane’s contraction principle to 1, () < |k, ()| and
make use of the UMD property to dispose of the Rademacher functions and obtain

il S Tl

P P
L% (R) LE (R)
Repeating this argument with the roles of u and T),,u reversed, and using (2.20)

instead of (2.19) we get the converse inequality

P p

A fortiori, we proved (2.12), that was
1
C’ HUHL’)’((R) = HTm“HLg((R) <C: HUHL’)’((R)’

for all A > 0,0 <m < 2! and u € Zy, where C depends only on p and the UMD
constant of X.
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Observe that due to symmetry we may use the same argument for the operators
T, 2271 < m < 2 — 1, if we reverse the sign of the shift operation and replace u
by Toa_qu. Therefore inequality (2.13) holds true as well. That was

1

LTyl gy < W]

<O Tyl

(R) (O

for all 22~1 —1 < m < 2* — 1 and u € Z), where C depends only on p and the
UMD constant of X.

Joining the last two inequalities via Thr-1 (or Toa-1_;) as indicated above
concludes the proof. O

REMARK 2.3. The central difficulty of the proof was finding the filtration
{F;};, given by (2.18), such that each collection A;, given by (2.17), comprises
of atoms A(I) of F;. This was achieved by subtracting the atoms A(J) succeeding
A(I) within a block (see (2.15) and (2.16)). Note that the measure estimates in
Lemma (2.1) implied inequality (2.14). As a consequence, we obtained inequal-
ity (2.19) and (2.20), which enabled us to shift ks to h, () by means of Kahane’s
contraction principle and Bourgain’s version of Stein’s martingale inequality.

For a detailed exposition and the development of a method how one can es-
timate rearrangement operators that admit a supporting tree, we refer the reader
to [KMO9] and [MS91]. Given a rearrangement 7 such that |7(I)| = |I|, a sup-
porting tree is essentially the existence of a filtration having the properties of {F;};
listed above, with 7, replaced by 7.

In order to shift an essential portion of hy to h. (1), one can replace Bour-
gain’s version of Stein’s martingale inequality by the martingale transforms used
in [Fig88, Proposition 2, Step 0]. To this end, we need additional symmetry prop-
erties (see (2.21)), which were not required for the first proof. We will refine the
above construction of the filtration {J;}; for our purposes. The details are given
in the proof below.

ALTERNATIVE PROOF OF THEOREM 2.2. We modify the construction of the

above collections %, by taking only every fourth level instead of every second level,
and denote each of those collections by €. Hence, for all J, K € €, if |J| # | K| we
have either

1 1
< — < — .
< e lK] o [K|< 1]
Considering the proof of Lemma 2.1 on page 30 we see that

A—1
2
Iﬂ m S_ )
’ U U Jur (J)‘ =
d=1 JeEC
[J]=2"¢ 1|

and
A—1 9
I <21
w0l U Jum)|< 2

d=1 Je€
[J]=2"71|

So if we construct the atoms A(I) according to (2.15) and (2.16) (with & replaced
by %), we gain instead of (2.14) the inequalities

13

Al nAD = ¢

13
|1, |7 (1) N A(T)| > E|I|
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In what follows we denote the left and right dyadic successor of I by Iy and Iy,
respectively. To be more precise, Iy, 1 € 9, |Iy| = |I1| = |I]/2, and inf Iy = inf I,
sup I; = sup I. Consequently, if we define
B(I) = (A(I) n (A(I) N I = |1]/2)) U (A(I) N (A(I) N 1o + |11/2))
U (A(I) N (A N7 (D)1 — |I|/2)) U (A(I) N (A N1 (D)o + |I|/2))
and furthermore
C(I) = (BUI)N(B(I) —m- |I])) U (B(I) N (B(I) +m-|1])),
we see that

7 7
[C)] <2111, [InC)l = 4= 1, [T (1) N O] 2 7 1]

Since C(I) C A(I), the C(I), I € ¥ do not intersect inside a block. Retrac-
ing our steps, we may replace A(I) by C(I) in the above proof. Observe that
additionally we have the following identities at our disposal

C) N 1m(I) = CI) NI +m- |1,

C(n I = (CI)NI) +|11/2, (2.21)

which allow us to use the martingale transform in the proof of [Fig88, Proposition
2, Step 0]. Elaborating on this martingale transform we define

1 1
dri = 5(/11 +he ) - e, and  dro= §(h1 — b)) lom, (2.22)

and due to (2.21) we see that {dr1,dr2 : I € €} is a martingale difference se-
quence. Furthermore, note that

{h[ : 10(1) I e %} and {h.,.m(]) : 10(1) I e %}
are martingale difference sequences, as well. Observe
dip+dr2=hr-1gqy and dri—dr2=h. (1) 1o, (2.23)

thus we can swap hy - 1¢(py with h. (1) - 1¢(r), according to [Fig88, Lemma 2|.
So we shifted hy - 1¢(r) to hr (1) - 1o(r) by means of the martingale transfor-

mation given by (2.23) instead of applying Bourgain’s version of Stein’s martingale

inequality for this purpose. O

The following Corollary 2.4 connects the one-dimensional Theorem 2.2 on
page 32 with the multidimensional stripe operators Sy. In Figure 3 on the next
page the action of the shift operators T},, 0 < m < 2* — 1 on the image of Sy is
visualized.

COROLLARY 2.4. Let X be a UMD space. Let 1 < p < oo, n € N and denote
by ey the unit vector (1,0,...,0) € R™.

Then there exists a constant C > 0, such that for all integers A and m satisfying
0<m<2*—1 and every u € L% (R™)

1
c’ HS)‘UHL’;((R") < HTmel S/\UHL’)’((]R") <C: ||S/\UHL§((R")’ (2.24)

where C depends only on n, p and the UMD constant of X. In other words, T,
acts as an isomorphism on the image of Sy with norm independent of m and .

PROOF. We recall the definitions (2.3) and (2.4), that was
. by _ . .
%A:{EEQ DT (E)—Q,xlrelgxl—qlggql},
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FIGURE 3. Shifting the image of a stripe operator Sy in dimension
n=2.

and by -1 we denoted the projection onto the first coordinate. Observe that due to
the definitions (2.5) and (2.6) we have

image(Sy) C { Z uQ hg |Q|71 TuQ € X} ﬁLg((Rn).
QEYUn

With this in mind we will apply Theorem 2.2 on page 32 to every line in direction
€e1.

Fix u € L%, define v = Syu and denote by v, the function v(-,z), for all
x € R* 1. Observe that for all z € R*~! and t € R we have the identity

(Tonea0) (8 2) = (Tnvz) (1),

hence

[Tty = [ [ I @) O dtdz = [ [Tl oy o
R7—1 R Rn-1

Note v, € Z,, for almost every x € R", so we may use Theorem 2.2 to get

/||vax||i§(<R>dx% / oz 12, gy 42 = 191175, -
Rn—1 Rn—1

Substituting v = Sy\u finishes the proof of the Corollary. O

2.3. Estimates for the Stripe Operator.

Before we formulate and prove the main result on stripe operators Sy we will
recapitulate the definition of Sy (see (2.6)). The dyadic stripe % (Q) (for details
see (2.3)) was the collection

. by _ . o
{Fe2:n (E)_Q’iggxl_qlgéql}’

where 72 (E) is the unique Q € 2 such that |Q| = 2*" |E| and Q D E. Furthermore,
x1 respectively g1 denotes the orthogonal projection of z € R™ respectively ¢ € R™
onto the vector e; = (1,0, ...,0). Then the stripe operator S is given by the linear
extension of

Sahg = 99,
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FIGURE 4. High frequency cover of the cube ) obtained by shifts
of the stripe functions gg .

and the stripe functions were in (2.5) defined by
9Q\ = Z he.
Eex\(Q)
Having verified Corollary 2.4 on page 36 we will now present our main theorem

on stripe operators.

THEOREM 2.5. Let X be a UMD space, 1 < p < oo andn € N. For A > 0 let
S\ denote the stripe operator given by

Sxu= Y (u,hq) goalQ™",
Qe2
for all uw € L5 (R™). If L5 (R™) has cotype C(L% (R™)), then there exists a constant
C > 0 such that for every u € L5 (R™) and A >0
[Sxull g gny < C - 27 CEXED ||| 12 (), (2.25)
where the constant C' depends only on n, p, the UMD constant of X and the cotype
C(LL (R™)).
PRroOOF. The UMD property and Kahane’s contraction principle shows that the
estimate holds true if we restrict A to 0 < \ < 1.
So from now on we may assume A > 2. The definition of the dyadic stripe %\
(see (2.3) and (2.4)) implies that
Thkee, (02/)\) N Tim-e, (02/)\) =0, (2.26)

if 0 < k < m < 2* — 1. Furthermore one has the high frequency cover of Q € 2
given by

2*—1
U e (%(Q) ={E €2 : #(EB)=q},
m=0
thus
21
ol = Tomee, 9o (2.27)
m=0

by the definition of gg x (see Figure 4).
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Now let u € L% (R™) be fixed. For the rest of the proof will abbreviate L% (R™)
by L% and C(L%) by €. We want to bound [|u[|z from below by the means of the
stripe operator S.

First, the UMD property allows us to introduce Rademacher means

el s, z/ [ S0 S wahalar| , ar
R Qe2; x

Second, Kahane’s contraction principle applied to (2.27) on the right hand side
yields

(2.28)

1
g~ [ [0 ¥ uQZTmengum !0
J

QeZ2; m=0

Third, if we set

d(j,m) =Theey Z g fj€Zand0<m< 2* 1,
QEZ;

and define the lexicographic ordering relation

. . . j<j',or
(j,m) < (j',m") iff {

j =7 and m <m/,

then {d(j,m) 1 1 €Z,0<m< )\} with respect to “<” generates a martingale
difference sequence. So in view of (2.26) and the UMD property we may introduce
the following new Rademacher means in (2.28)

2*—1

/ HZrm Toer D u@ 90 1Q1" ‘
Qe2
Hence we have
22 -1
llull Ly, ~/ H Z Tm(t) Trmeer Y Qg |QI” 1HL dt. (2.29)
Qe2

Fourth, with ggx = Sxhg in mind, we apply the cotype inequality (0.3)
0 (2.29) and see

22 1
e (z [T sAunLP)

m=0

Finally, utilizing Corollary 2.4 on page 36 concludes the proof

221 221
(X 17 sAu¢|Lp> ~ (X lIswa |Lp) — 2V Syl .

m=0 m=0

O

Repeating the proof of Theorem 2.5 without Corollary 2.4 and using T. Figiel’s
bound (0.8) for the shift operator T, directly, would lead to the weaker result

1Sxull g, gy < C - X* 27N CEXED) | Lo gy, (2.30)

where the exponent 0 < « < 1is the exponent occurring in T. Figiel’s estimate (0.8).
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FIGURE 5. The dyadic stripe %, (Q) embedded in the ring domain
¥,(Q) in dimension n = 2. The picture is drawn as if C' = 1.

2.4. The Ring Domain Operator.

We define the ring domain operator Hy, supported in the vicinity of the set of
discontinuities of Haar functions. We will show that H, can be written as a finite
sum of continuous images of stripe operators Sy. Thus the estimate (2.5) for the
stripe operator conveys to the ring domain operator, that is

|\HAU||L§(RTL) < C 27 MEULEEY) ”u”L’)’((R”)' (2.31)

For every @ denote by D(Q) the set of discontinuities of the Haar function hg
and define for all A > 0.

Dx(Q) = {z € R"™ : dist(z, D(Q)) < C -2 sidelength(Q)}.
Note that for all A > 0 and Q € 2 we have
IDAQ)| < C-272Q], (2.32)

where C' does not depend on A and (. Now we cover the set D (Q) using dyadic
cubes E(Q) with sidelength(E(Q)) = 27 - sidelength(Q), and call the collection of
those cubes %, (Q). To be more precise

7,(Q) = {E € 2 : sidelength(E) = 2~ *sidelength(Q), E N DA(Q) # 0}, (2.33)

and we define

%= %@ (2.34)

Qe2

The set covered by ¥4(Q) is illustrated by the shaded region in Figure 5, wherein
the dashed lines represent the set of discontinuities D(Q). The cardinality # ¥, (Q)
does not depend on the choice of (), so we note

#IA(Q) = 227D, (2.35)
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Finally, define the functions dg x associated to the ring domain #5(Q) by

dor= Y. hg, (2.36)
Ee?\(Q)

and the ring domain operator Hy by
Hyu= Y (u,hq)dgalQ|™". (2.37)
Qe2

In the subsequent theorem the ring domain operator H) is dominated by the
stripe operator 5. This is done by covering the ring domain function dg ) with
continuous mappings of the dyadic stripe functions gg » (see identity (2.40)).

THEOREM 2.6. Let X be a UMD space, 1 <p < oo andn € N. Let A > 0 let
H) denote the ring domain operator given by

H)\u = Z <U,, hQ> dQ,A|Q|717
Qe
for all uw € L5 (R™).
Then we can dominate Hy by Sy, that is

[Houl| p < C-[|Sxul (2.38)

"
for all w € L% (R™), where the constant C' depends only on n, p and the UMD
constant of X.

A fortiori, we have the following estimate for Hy.

COROLLARY 2.7. Let X be a UMD space, 1 < p < oo and n € N. If L% (R™)
has cotype C(L% (R™)), then there exists a constant C > 0 such that for every
u e L5 (R™) and X >0

| Hul| g gy < €27 CEXED ]| 1o gy, (2.39)
where the constant C' depends only on n, p, the UMD constant of X and the cotype
C(LK (R™)).

PRrROOF OF COROLLARY 2.7. Once we have proved Theorem 2.6 we obtain
Corollary 2.7 simply by plugging in the estimate for the stripe operator (2.25). O

PROOF OF THEOREM 2.6. Let ¢ denote the lower left corner of (), that is
q= (Q17 .. 7qn)7 Where

qi:inf{mi : (xl,...,xn)EQ}, foralll <i<n.

Furthermore, denote by M; the orthogonal transformation swapping e; and e;, that
is the linear extension of

Miel = €4, Miei:el, Miej =€j for al]j ¢ {1,i},
and finally define
Ligox = g (Mi(z + q) — q),

for all Q € 2.

Then we can find a constant C' > 0 and functions |cg)| <1,1<i<nsuch
that

n [C—1]

dQ)\ = Z L; Z Toney (Id +T(2*—1—1)~el + T(2>\—1)-el) Cg) JQ, - (2.40)
=1 m=[-C|
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The ring domain ¥4 (Q) and the dyadic stripe %, (Q) are pictured in Figure 5 on
page 40. Since L; is a bounded operator on L’)"( we can dominate HH A“H e by
X

[C—-1] n

Z Z HTm.el (Id+T(2A71_1),el + T(Q)\_l)_el>S)\ Z uQ CS) hq |Q|71’

m=|—C] i=1 Qe2

L%

If we use inequality (0.8) for T),..,, |[—C] < m < [C'—1], and estimate the operators
Tior-1-1).e; 51 and Tiaa_q).c, Sx by means of (2.24), we obtain

’Tm.el(1d+T(2A_1,1)_el +T(2L1).61)SWH <G |Sv0ll s
L% X

for all v € L%, where the constant C is independent of v, m and A\. Combining
the last two inequalities we see that

1 #sullyy <2-C-Co- DN uoed) Sxha Q1
i=1 Qe

Finally, exploiting the UMD property in order to use Kahane’s contraction principle
on the functions |cg)| < 1,1 < i < n with respect to the martingale difference
sequence {EQG.,% uQ cg) Sxhq |Q|7Y : j € Z} with filtration {25 : j € Z}
concludes the proof. O
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3. Decomposition of the Directional Haar Projection P(¢)

Given 1 < p < oo and an integer n > 2, the directional Haar projection
PE) ¢ LB (R") — L& (R") is defined by
POu= 3" (u,h) 05 QI (3.1)
Qe2
for all u € L%.
In order to estimate the directional Haar projection P, we will decompose
P in section 3.1 into a series of mollified operators 3, Pl(g), following [LMMO7].
Subsequently, wavelet expansions are used in [LMMO7] to further analyze Pl(e).

On the contrary, we will decompose Pl(g) into a series of ring domain operators
> ) ey Hxy, using martingale methods feasible in UMD-spaces. In section 3.2
we will use T. Figiel’s canonical martingale approach (see [Fig90]) to find a suitable

)

representation for Pl(g . In the following section 3.3 we define the main cases for

the further decomposition of Pl(g), which we shall then dominate by weighted series

of ring domain operators H) in section 3.4. We conclude the first part of this thesis

with section 3.5, where we reduce the estimates for PI(E)R;O ! to inequalities for PI(E).

3.1. Decomposition of P into PI(E).

We give a brief overview of the Littlewood—Paley decomposition used in [LMMOQ7],
and continue with further decompositions in section 3.2 and 3.3, different from the
methods in [LMMO7].

We utilize a compactly supported, smooth approximation of the identity, to
obtain a decomposition of the directional projection P(¢) into a series of mollified

operators PI(E),
PE =%"pe. (3.2)
leZ

To this end, we fix b € C2°(]0,1[") such that

/b(x) dr=1, and /aci b(x1,. .. &y .oy xy)da; =0, (3.3)

for all 1 <i < n. For every integer [ define
A =wuxdy, where di(z)=2"d(2'z) and d(z)=2"b(22z)—b(z). (3.4)
For all u € L% (R™) holds true that
u = Z A, (3.5)
leZ

with the series converging in L% . Denoting 2; C 2 the collection of all dyadic
cubes having measure 277", we set

PPu=3" 3" (u, A0S 0 QI (3.6)
JEZ Qe2;
and observe that by (3.5) for all u € L%
Py = Z PI(E)U,
IEZ
where equality holds in the sense of L%.. Setting fg)l = Ath(E), if Q € 25, we
rewrite (3.6) as

BfPu= 3" (u fG1hG QI (3.7)
Qe2
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In contrast to [LMMO7]| we will rather estimate the operator
P.=)"p, (3.8)
1<0

instead of estimating each P, I < 0 separately.

3.2. The Integral Kernels Kl(s) and K(f) of Pl(s) and Pﬁs).
From now onwards, we deviate significantly from the methods in [LMMOT].

In this section we identify the integral kernel K l(a) of the operator Pl(g). Then we

will expand K l(e) into a Haar series according to T. Figiel’s martingale approach
(see [Fig90]).

Note that
(POu) (x) = / KO (2, ) uly) dy, (3.9)
where
K (@)= > S (@) 1§ ) 1QI (3.10)
Qe2

Now we expand K l(E) into the series

> S S RS KT MITQIT A (2) A (). (3.11)
a,B€{0,1}" K,M,Qe2:
(a,8)#£0  |K[=|M]|

We distinguish the following settings for the parameter [3:
(1) B#0,
(2) B=0.
Note that due to the condition (e, 5) # 0 in (3.11), case (2) certainly implies o # 0.
To ease the notation, we will make use of the following convention. We shall
write hg, denoting one of the functions hg), v € {0,1}™\ {0}, and 1¢ for the
characteristic function h%. We may do so since the UMD—property and Kahane’s
contraction principle enable us to interchange equally supported Haar functions
having mean zero.
Using this notation, expansion (3.11) reduces in both cases to

Ki(z,y) = > {fouha)M|[HQI he (@) ha(y), (3.12)

M,Qe2
which is exactly the Haar expansion of K in the y—coordinate. Expansion (3.11)
breaks up the Haar functions hg) into smaller pieces and reassembles them, sub-
sequently. We might have seen the algebraic form (3.12) simply by plugging the

Haar series of u into the operator PI(E). However, after a few purely algebraic
manipulations, Figiel’s expansion in both coordinates yields identity (3.12).

Now we present an accurate justification for identity (3.12). To this end, we
fix g€ {0,1}™\ {0}, « € {0,1}" and rewrite the inner sum of (3.11)

ST (ha BSD) (s ha) K7 MITYQITRE () har (y)
K,M,Qe2:
|K|=|M]|

= 3 Uowhan) IMITUQI  har(y) S (hg ) KR ().

M,Qe2 KED:
|K|=|M]|
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In both cases a = 0 and « # 0 we have

ST lho b)Y KT (2) = ho(a),
Ke2:
|K|=|M]|

for all Q, M and x € R™. This is true for the sum being either the conditional
expectation of hq, or exploiting the orthogonality of the Haar basis, respectively.
Hence we obtain (3.12).

Let 8 = 0, which implies @ # 0 as noted before, therefore the inner sum
of (3.11) reads

Y (hoyhi) (fou tar) [K[THMITHQIT! hie(2) 1ar(y)

K,M,Qe2:
|K|=|M|

= Y {founta) IM[THQI he (@) ta(y).
M,Qe2:
|M|=|Q|

Developing the y—component of the last expression into a Haar series yields

Do {foustar) (b ) [K] M| THQI ™ ho (o) hic (y)

K,M,Qe2:
|M[=|Q
= > ho@hxWIK[TIRITT Y (fou,1m) (hic, 1u) [M] 7!
K,Qe2 MCK
\Ml Q]
= > @) he@) IKIQIT (far > tar (huc, tar) M7,
K,Qe2 MCK
\Ml Q]

Observe that the inner sum with K and @ fixed is the conditional expectation of
hx at a finer scale. Hence hg is reproduced, so

Z ar (hie, 1) M7 = hig,
MCK
Y=r]

and we gain
Ki(z,y) = Y (fou ho) | K| QI ho(w) hic (y).
K,Qe2

Note that we may lift the restriction |Q| < |K]|, since the sum (3.12) will be pa-
rameterized according to the ratio of the diameters of @@ and M in section 3.3, and
split using the triangle inequality.

As a consequence we may assume the generic expansion (3.12) of the integral
kernel K;(x,y) in order to estimate P.

We omit the superscripts (¢) and summarize the results of the preceding dis-
cussion in

PROPOSITION 3.1. For each |l € Z let
Pu = Z (u, fou) hq 1QI™, (3.13)
Qe2

where fo = Ajiihg, for all Q € 2; (see (3.4) for details).
Then integral kernel K; of P, is given by

Plu /Kl z,y) u(y) dy, (3.14)
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where
_ —1)y—1
Ki(z,y) = Y (fouha) IM|7HQI ha(2) b (y)- (3.15)
M,Qe2
If we define
P.=)"P and fo=>_ fou (3.16)
1<0 1<0
then the integral kernel K_ of P_ is given by
K_(z,y)= Y (fo,ha) IM|7QI ho(x) has (). (3.17)
M,Qe2

3.3. Decomposition of P, — The Main Cases.

We will decompose the operator P, guided by the different behavior of the
coefficients (fg, ha), 1| > 0, M € 2 and (fg;,hm), | < 0, M € 2. This is
primarily caused by the different shape of the support of the functions fg;, { > 0
and fg, | <0, (compare the support inclusions in (3.18) and (3.19)) in relation to
the size of the cubes M.

3.3.1. Estimates for the Coefficients.
First, we want to investigate the mollified Haar functions fg;, [ € Z. To this
end, let D(Q) denote the set of discontinuities of the Haar function hg, then

Di(Q) = {z € R™ : dist(x, D(Q)) < C - 27" diam(Q)}.
If I > 0, note that

/fQJ(x) dz =0, supp fo, C Di(Q),

(3.18)
[fQul < C. Lip(fo.) < C2' (diam(Q)) ™",
and if [ < 0, we have
/fQJ(x) dz =0, supp fo, C C211Q,
(3.19)
|foul < C27M0HD 0 Lip(fg) < 02710 (diam(Q))

where the constant C' does not depend on [ and Q.
Recall that for Q) € Z; we defined

fai=124j41hq = hq *djp = hq * (bjrit1 — bjta).
So taking the sum over [ < 0 yields
> fou=hqxb;,
1<0
hence, the mollified Haar functions fq defined in (3.16), are given by
fo = hg *b;, for all Q € 2;,

where bj(z) = 27" b(27 z). The functions fg have the following properties, which
are easily verified. There exists a C' > 0 independent of () such that

/fQ(x)dx =0, supp fo C C - Q,
(3.20)
\fol <C, Lip(fq) < C - (diam(Q)) ™,
for all Q € 2.
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Proposition 3.2 stated below estimates the coeflicients {(fq i, har), I > 0 respec-
tively (fo,har). The different behavior of the inequalities is determined by the
ratio of the diameters of the cubes @ and M.

PROPOSITION 3.2. For all dyadic cubes Q, M € 2 we have the following esti-
mates for the coefficients (fqi, har), 1 > 0.

(1) If diam(Q) < diam(M), then

[{fou, har)l < C-27Q), (3:21)
(2) if 27 diam(Q) < diam(M) < diam(Q), we get
[(fo.u:har)] < C - 27" diam(Q) (diam(D))" ", (3.22)
(3) and if diam(M) < 27! diam(Q) we obtain
1 diam(M)
[(fQu.har)| < C -2 Tam(@) |M]|. (3.23)

The constant C' does not depend on I, QQ and M.
Moreover, for all dyadic cubes Q, M € 2 we have the subsequent estimates for
the coefficients (fq, har).

(1) If diam(M) < diam(Q), then

[{fq, har)| < €'+ (diam(Q)) ™" (diam(M))"*1, (3.24)
(2) while if diam(M) > diam(Q), we have
[(fo: har)| < C-1Q). (3.25)

The constant C' does not depend on ) and M.

PROOF. First, we want to estimate (fg i, har), so we fix [ > 0 and Q, M € 2.

If diam(Q) < diam(M), then using |D;(Q)| < 27! |Q| and exploiting the bound-
edness of fo; and hys implies (3.21).
If 27! diam(Q) < diam(M) < diam(Q), then the measure estimate

|DI(Q) N M| < 27" diam(Q) (diam(M))™ !

together with inequality (3.18) yields (3.22).
If diam(M) < 27! diam(Q), then in view of Lip(fg,) < 2! (diam(Q))~! and
[ har = 0 in inequality (3.18) we may infer (3.23).

Now we turn to the estimates for (fg, ), Q, M € 2.
If diam(M) < diam(Q), we make use of
Lip(fq) < C (diam(Q)) ",

according to (3.20) and we gain (3.24).
For diam(M) > diam(Q), one can exploit

lfol <C and supp fo CC-Q

in (3.20) to obtain (3.25). O
REMARK 3.3. Observe that the coefficients (fq, har) respectively (fq,har)
vanish, if the support of fg; respectively fg is contained in a set where hys is

constant (see Figure 6 on page 50). More precisely, if we can find a K € 2 with
m(K) = M such that

supp fg, C K respectively supp fo C K,

then certainly
(fo.,ham) =0 respectively (fg, ha) = 0.
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So we note that for diam(M) > diam(Q) the cubes @ for which (fg i, har) # 0
respectively (fq,har) # 0, cluster in the vicinity of D(M), the set of has’s discon-
tinuities.

3.3.2. Definition of the Main Cases.
For each [ > 0 we split the set 2 x 2 according to the cases in Proposition 3.2
on the preceding page into the three disjoint collections

= {(Q, M) : diam(Q) < diam(M)}, (3.26)
% = {(Q, M) : 27" diam(Q) < diam(M) < diam(Q)}, (3.27)
% = {(Q, M) : diam(M) < 27" diam(Q)}, (3.28)
respectively the two disjoint collections
- ={(Q,M) : diam(M) < diam(Q)}, (3.29)
- ={(Q,M) : diam(M) > diam(Q)}. (3.30)
Then we define the integral kernels
Azy) = D fouha) ho(x) ha(y) QI M|, (3.31)
(Q,M)ea
Bi(z,y)= > {fau ) ho(@) ha(y) Q7 M, (3.32)
(Q.M)e
Cilwy) = D (fouhu)ho(@) har(y) Q17 M|, (3.33)
(Q.M)ee,
respectively
A(zy) = Y (o har) ho(@) har(y) QI M|, (3.34)
(Q.M)e o
B_(z.y)= Y (fo-ha)ho(z) har(y) Q1M (3.35)
(Q,M)eB_

accordingly, and associate to each integral kernel the induced operator, precisely

(Aru) (@ / Az, y) uly) dy, (3.36)
(Byu)( / Bi(z,y) u(y) dy, (3.37)
(Cru)( / Colw, ) uly) dy, (3.38)
respectively
(A-u) (@) = / A_(z,y) u(y) dy, (3.39)
(B u)(z) = / B_(a,y) uly) dy. (3.40)

Finally note that
=A + B+ Cl, foralll >0, (341)
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and
P_=A_+B_. (3.42)

3.4. Estimates for P, [ >0 and P_.
In section 3.3.2 on the preceding page we determined our decomposition of P,
{ >0 and P_ into

P =A+B +C, respectively P_.=A_+B_.

see (3.41) and (3.42).

We will show that each of the operators A;, B}, C] and A*, B_ can be con-
trolled by certain weighted series of ring domain operators; for details on H) we
refer the reader to section 2.4.

Combining the results for A;, B; and C) respectively A* and B_ yields Theo-
rem 3.4 below.

THEOREM 3.4. Let X be a UMD space, 1 < p < oo and n € N. Let L5 (R™)
have type T(L% (R™)).

Then there exists a constant C > 0 such that for alll > 0 and every u € L (R™)
we have

—1 1_+ﬂ
1Pl oy < €27 T TEED a1 o, (3.43)

where the constant C depends only on n, p, the UMD constant of X and the type
T(L (R™)).
Moreover, there exists a constant C > 0 such that for all u € L5 (R™)

[1P-ull g ®ny < C - [lulLz @n), (3.44)

where the constant C depends only on n, p, the UMD constant of X and the type
T(LE(R™)).

The proof of the theorem is divided into seven parts

Section 3.4.1: Estimates for A,
Section 3.4.2: Estimates for B
Section 3.4.3: Estimates for ()

Section 3.4.4: Summary for P

Section 3.4.5: Estimates for A_
Section 3.4.6: Estimates for B_
Section 3.4.7: Summary for P_

Keeping in mind that
P =A+ B +C, respectively P =A_ +B_,

we proved the theorem once we established the inequalities (3.45), (3.46) and (3.47),
summarized in section 3.4.4, respectively (3.48) and (3.49), summarized in sec-
tion 3.4.7.

3.4.1. Estimates for A;.

In view of (3.26), (3.31) and (3.36) note that diam(Q) < diam(M), and so
we may utilize inequality (3.21) in Proposition 3.2 on page 47. Recall that it was
mentioned in Remark 3.3 that the coefficients (fg i, har) vanish if hps is constant
on the support of fg .

This setting is illustrated in Figure 6 on the next page.

First we split the set 47 (see (3.26)) into the disjoint collections 7 x, A > 0,
given by

Fn={(Q,M) € o : diam(Q) = 272 diam(M)},
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FIGURE 6. The ring domains ¥(Q), %(Q"), %(Q"), Y (Q") are

contained in sets where the Haar function h ;s is constant.

and define the operator A; » accordingly, that is
Apu= > (fou hu) houa |Q" M|,
(Q,M)ea x

for all u =3 ;- c 5 uk hi |K|7. Obviously, the identity

o0
Alu = Z Al’)\ u
A=0

holds true. Recalling that the coefficients (fgi, has) vanish if hps is constant on
the support of fg; (see Remark 3.3) and the definition of the ring domain (2.33),
we see that

{Q : (fou, har) # 0} C{Q + QN DA(M) # 0} = VA(M).
Using this fact, one has the identity
Apyu= Y un [MI™" D (fouhm) Q1 he,
Me2 QEYVA (M)

hence glancing at inequality (3.21), utilizing the UMD-property and Kahane’s con-
traction principle, we obtain

[Aisullr ey S 27| Z up | M| Z hQHL’)’((R”)

Me2 Qe (M)
=27 l Z UM GM X |M|71HL§((R”)
Mc2

=27 HH/\UHL’)’((R")'

The last equality is the definition of the ring domain operator Hy (see (2.37)).

Applying the triangle inequality, using the above estimate for A; » and invoking
Corollary 2.7 yields

o0
Az mny S 27! ZTA/G(LS‘(R ) llull Lz &n)-
=0



52 2. INTERPOLATORY ESTIMATE

7(Q)
A Q
_ T 1] [T T TTT1
A 1 11 [TTTTTT
| - .
—— e —— .
1] I 1] S5
S Nl =
. T B By
1 =)
= :‘H’: . o %
o TTTTTT] [TTTTTT i"%
§ [T TTTT1 [TTTTT1 ~<
2| B T e
| - . )
— — =
— ——
& o B <
- /I ——
Y [T TTTT
[T T TTT

FIGURE 7. The cubes M, M’ and M" intersect the ring domain ¥(Q).

Evaluating the geometric series we obtain the estimate
—1
Az mny < C - 277 |ull Lz @), (3.45)

where the constant C' depends on n, p, the UMD constant of X and the cotype
C(LE (R™)).

REMARK 3.5. Note that with A > 0 fixed, the collections #5 (M) are not disjoint
as M ranges over 2. But since the number of overlaps is bounded by a constant
depending solely on the dimension n and the constant appearing in the definition
of Dy (Q), the above proof still applies.

3.4.2. Estimates for By.

In view of (3.27), (3.32) and (3.37) note that 27!diam(Q) < diam(M) <
diam(Q), and so we may utilize inequality (3.22) in Proposition 3.2 on page 47.

This setting is visualized in Figure 7.

This time we prefer to analyze B}, certainly with respect to the norm ||-|| LY (Rn)s
where Y = X* and % + é = 1. As before we parameterize the series according to
the ratio of the sizes of @Q and M. So we split the set %, (see (3.27)) into the
disjoint collections % , A > 0, given by

By ={(Q,M) e % : diam(M)=2"" diam(Q)},

and define the operator B; ) accordingly, that is

Biau= Y (fou ha)hgua Q™" M|,
(Q,M)EBi A

for all u =Y c o uk hi | K|t
Note that for (Q, M) € % » we have

{M = (fou,har) #0} C{M : M N Dy(Q) # 0} = 7A(Q),
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hence we can rewrite B} \u as
Biyu= Y uglQ™" > (fqu har) M| has.
Qe2 MEPA(Q)

Taking the norm, utilizing the UMD-property and applying Kahane’s contraction
principle to (3.22) yields the estimate

1B aull e ey S 27| Z ug |Q| ™ Z hMHqu(Rn)
Qe2 Me7A(Q)
=27 Y ug QQ,/\|Q|_1HL§,(R7L)
Qe2
=27 ||H)‘UHL‘1 (R

The last equality is the definition of the ring domain operator Hy (see (2.37)).

Recall
Bfu= Z Bl \u,
A=0

so applying the triangle inequality, using the above estimate for B}, and invoking
Corollary 2.7 yields

1Bt ulzg @) S 27 lZ?*HHwHLq w3 ‘IZW VS ED ull g o
A=1

Evaluating the geometric series we obtain the estimate

1B}l g, gy < C - 271/ CEFED | (3.46)

|L§,(R")’
where the constant C' depends only on n, ¢, the UMD constant of Y and the cotype
(L3 (R™)).

3.4.3. Estimates for Cj.

In view of (3.28), (3.33) and (3.38) note that now diam(M) < 27! diam(Q),
and so we may utilize inequality (3.23) in Proposition 3.2 on page 47.

This setting is visualized in Figure 8 on the next page.

As in the preceding case we aim at estimating the adjoint operator C}; so
with Y = X* and % + % = 1, the usual parameterization splits the collection %
(see (3.28)) into the disjoint collections 67,5, A > [ + 1, given by

G ={(Q,M)e % : diam(M) = 272 diam(Q)}.
We define the operator Cj  accordingly, that is
Cipu= Y (fouhu)hqua|Q™" M|,
(Q.M)€€ x

for all u =3 ;- c o uk hi |K|™'. The adjoint operators C; and C7, are given by

Clu= Z Z (fQ.u har) M|~ has ug 1Q|

A=l+1 Q,MeF), 5

oo
_ *
= Z CZ,AU'

A=l+1
Observe that for (Q, M) € %, holds true that

{M = (fqu,har) # 0} C{M : M N Di(Q) # 0},
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FIGURE 8. The tiny cubes M, M’ and M" are contained in the
cover of the ring domain ¥7(Q).

thus we have

Y <] Y b =lgeal

(Q,M)EE x : Me(Q)
(fQ.ui;har)#0

We proceed by applying essentially the same steps as in the preceding cases. Using
the UMD-property and subsequently Kahane’s contraction principle we obtain

ICT sullog ey S 2271 D u@ 90 1Q1 | 1o (g
Qe2

= 2l27>\||Hlu||L§,(R")'

Hence, applying the triangle inequality and using the above estimate for Cl”: 3 gives

us
ICT ull g gy S || Hiul| g

R™)"
Finally, Corollary 2.7 yields
ICTullpe @ny < C - 9~l/C(Ly ®™) (3.47)
where the constant C' depends only on n, ¢, the UMD constant of Y and the cotype

C(Ly (R™)).
3.4.4. Summary for P.
First, note that for Y = X* and % + % =1 holds true that
1

P n\\* _ 574 n 1 —
UXEDP =B e ey ey

Second, we use that
B = LY(R") = LY (R™)|| S ||Br = LA (R™) — L& (R™)]

)
and

|Cr + LL(R™) = LL(R™)|| S |G+ L5 (R™) — LE(R™)],
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to combine the inequalities (3.45), (3.46), (3.47) via the identity
P =A+ B +C,.
Thereby we obtain

_ _ 1
1P : DR (R?) = LE(RY)| < €2 70k,

where L% (R™) has type T(L% (R™)) and the constant C' depends only on n, p, the
UMD constant of X and the type T(LX (R™)).

3.4.5. Estimates for A_.

In view of (3.29), (3.34) and (3.39) note that diam(M) < diam(Q), and so we
may utilize inequality (3.24) in Proposition 3.2 on page 47. In this case the size of
the cube M cannot exceed the size of @, so we may use inequality (3.24). We rather
want to estimate A* than A_, therefore set Y = X* and ¢ such that % + % =1.

First, we split the set <7_ (see (3.29)) into the disjoint collections @7_ x, A > 0,
given by
d_x={(Q,M) e &_ : diam(M) = 272 diam(Q)},
and define the operator A_ ) accordingly, that is

Aju= Y (fo.hu) houar Q7 M|
(Q,M)ea/_

for all u = EKEQ uk hi |[K|™. The adjoint operators A* and A*_J\ are given by

A*_uzz Z (fosha)ughar |Q|™1 |M|™!

A=0Q,Meal_
9]

_ § *

= A77)\U.
A=0

Utilizing the UMD-property and subsequently Kahane’s contraction principle (0.4)
with respect to (3.24), we infer

HAi,/\uHL’Iy(]R") S 27A|| Z Z uQ |Q|71hM||L’Iy(]R")'

Q€2 (Q.M)es
MN(C-Q)#0

For every Q € 2 we apply Kahane’s contraction principle to

(Q,M)€esr_ \
MN(C-Q)#D

and note that we would actually need a constant number of shifts T,,,, |m| < Cy
of hg to cover the whole support of the sum on the left-hand side. In view of
estimate (0.8) we omit this detail and continue the proof with the estimate

HA**AUHL‘IY(R") $27 Z ug Q™ Z hMHL’Iy(R")

Qe2 (Q,M)ea_ 5
MN(C-Q)#£D

-\
S 2 ||u||LqY(Rn)'
Summing over A > 0 yields
[AZull L @ny < C - flull L @n), (3.48)

where the constant C' depends only on n, ¢, the UMD constant of Y and the cotype
C(Ly (R™)).
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3.4.6. Estimates for B_.
In view of (3.30), (3.35) and (3.40) note that diam(M) > diam(Q), and so we
may utilize inequality (3.25) in Proposition 3.2 on page 47.

As usual we split the set Z_ (see (3.30)) into the disjoint collections Z_ j,
A > 1, given by

B-={(Q M)e % : diam(Q)=2"" diam(M)},
and define the operator B_ ) accordingly, that is

B_ u= Z (foshar) hgua |Q) ™1 | M|,
(QvM)e'%—:)\

for all u = Y c 5 uk hi | K|, Obviously, the identity

B_u= i B_u
A=1

holds true. For all (Q, M) € Z_  we have the inclusions

{Q : {fo,har) #0} C{Q : (C-Q)ND(Q) # 0} C VA(M).

Successively using the UMD—property, Kahane’s contraction principle applied to
(3.25) and the inclusion above we obtain

1B- vl g gy S D2 war IMITH D0 hallg ey

Me2 QEYVA (M)
=l 2w M g e

= ||H)‘UHL§’((]R")'

The last equality is the definition of the ring domain operator Hy (see (2.37)). The
main result on ring domain operators Corollary 2.7 yields

9— N C(L% (R"

[1B-sullLr @) S [Hxullpg @) S Dl oz ny -

Hence, summation over A > 1 gives us
[ B-ullpz @n) < Cllullry &n), (3.49)
where the constant C' depends only on n, p, the UMD constant of X and the cotype
C(LE (R™)).
3.4.7. Summary for P_.
First note that for Y = X* and % + % = 1 holds true

P (R™))* = LL(R" an L L =
W) = L&D and - 5wy * eag@y)

Second, we use that
40 5 @) > LY S A= 5 A(R") > D3R,
to combine the inequalities (3.48) and (3.49) via the identity
P_.=A_+B_

so that we obtain
|P- LA (R") — Lh(R™)| < C.

where L% (R™) has type T(L% (R™)) and the constant C' depends only on n, p, the
UMD constant of X and the type T(L% (R™)).
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3.5. Estimates for Pl(E)R;()l.
Following [LMMO7| we will establish estimates for PI(E)R;0 ! 1 € Z by reduc-
ing them to estimates for Pl(s). We exploit that (Rl_o 1)* maps the mollified Haar

functions fc(;)l to functions ké;)l having similar properties. Due to the algebraic
identity (3.50), this amounts to controlling the support of the kg ;, besides factors
depending on /. Assuming ¢;, = 1, we have

supp (Ei, 1)) € Q.

restricting the support of the functions kg ,; defined in (3.51), and exhibiting the
conditions asserted in (3.54) and (3.55).
We do not omit the superscripts (¢) at this time.

It is a well known fact that one can write the inverse of the Riesz transform
Ri_o Las
R;Ol =R;, + Z EioaiRi, (3.50)
1<i<n
i#io
where E;, is given by

‘T“io
Eiof(x):/ f(xlv"'vxioflvsvxio+lw-~,xn)ds, x:(xh...,l'n).
Now we introduce the family of functions
kS = A (B dinl)), Qe 2, (3.51)

and consider

FOR =" 3" (Riyu, Aua(hG)) 3 QI
JEZ QE2,

+ 303N (BidiRou, Aja(h5)) S 197

1<i<n jEZ QE2;
i#io

(3.52)

Since the Riesz transforms R;, 1 < i < n are continuous on L’)’( (R™), it is obvious
that the first sum of (3.52) can be treated as if it were P; (also see (3.6)).

For the second sum of (3.52), we fix a coordinate i # i, rearrange the operators
in the scalar product and use the functions defined in (3.51), hence

SN EidiRu, Ay (b)) B 1017 = S (Ruu, kS) ) 1S Q17
JEZ QE2; Qe2

Due to the continuity of the Riesz transforms R; : L5 (R") — L% (R™) we may
estimate the following type of operator
EQu=Y"(ukS) ) nS Q1 (3.53)
Qe2
instead of the second sum in (3.52).
In order to estimate Kl(j) we need to analyze the analytic properties of the

functions kg,)l,r If I > 0, then

/ké;)l,i(m) dz =0, supp ké;)l,i c D(Q),
(3.54)

kil < €2, Lip(kg,) < C2* (diam(Q)) ™,
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and for 1 <0
/’fg,)z,i(x) dx =0, supp kg,)l’i cc2Q,

(3.55)
kS ) < 027D - Lin(k) ) < 027102 (diam(Q)) 7.

Note that the above properties of kS’)l’ , depend particularly on the coordinate-wise
vanishing moments of b (3.3), introduced by A; in equations (3.4) and (3.6). Fur-
€) (e)

thermore observe the definition of k(Q 1. involves an integration of hg,” with respect

to the variable z;,. We specifically want to stress that if ;) = 1, then E;; h(QE) is

compactly supported in @Q, but if £;, = 0, then supp (Eio hg)) is unbounded.
If we compare this with the properties (3.18) and (3.19) regarding the func-

tions fg)l, it turns out that the properties coincide if I < 0, and that 27 ké;)l,i,

satisfies the same conditions as fé; )l, if [ > 0. Reconsidering the proof of Theo-
rem 3.4 on page 49, we note that those arguments where solely depending on the
analytic properties (3.18) and (3.19) of the functions fg)l With regard to (3.54)

respectively (3.55), the same proofs are feasible with the functions k‘g,)l’i replacing

fa, if 1 <0, respectively 2t ké;)l}i replacing fq; if { > 0. Furthermore we have to
replace P, by K ;, for every 1 < i < n.

Stringing this all together we obtain the following result from the estimates of
Theorem 3.4 on page 49.

THEOREM 3.6. Let X be a UMD space, 1 < p < co andn € N, and let L% (R™)
have type T(LE (R™)). Furthermore denote by R;, the Riesz transform acting in
direction ig and let €;, = 1.

Then there exists a constant C > 0 such that for everyl > 0 and allu € L% (R™)
we have

1
| R all g ey < € - 275 | g ey, (3.56)
where the constant C depends only on n, p, the UMD constant of X and the type
T(L (R™)).
Moreover, there exists a constant C > 0 such that for all u € L% (R™)
1P Rl g, ey < C -l g, ), (3.57)

where the constant C' depends only on n, p, the UMD constant of X and the type
T(L% (R™)).
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4. Auxiliary Results

In order to keep this thesis self-contained we include here several auxiliary
results used in Chapter 2.

Lipschitz Estimate for Separately Convex Functions.

We record here a Lipschitz estimate for separately convex functions satistying
convenient growth estimates on the Banach space X. The resulting inequality holds
true without any assumptions on the underlying normed vector space X.

THEOREM 4.1. Let X be a normed vector space, n > 1, f : X" — R separately
convez and g : X" — R, where g(z) = 1+ > |lwill%. If0 < f(z) < g(z),
x € X, then

-1
[f(@) = F@)] < C- (L+ |zl xn + llyllx=)""" - o = yllxn, (4.1)
for all x,y € X™. The constant C' > 0 depends only on n and p.
PROOF. Let x # y € X", and with 1 < k < n fixed define

fe(t) = f(@1, s 2h—1, 06 + H(Yk — Tk), Tht 15 - -+ Tn),s

gk(t) = g(x1, . Th—1, Tk + Yk — Th)s Tt 1, -+ -5 Tn),

nk(t) = ||xk + t(yk - xk)”xv
for all ¢t € R. We may assume that f;(0) < fi(1), otherwise we would switch xy,

and yi. Observe that ng(t) is increasing if ¢ > H?i'i’;[\l’ hence g (t) is increasing if
> 2ol
= Ny —xkll

Given tg < t; which will be specified later, we define the affine functions
G(t) = fe(0) +t- (fe(1) — f(0)),
gr(t1) — gx(to)

gg(t) = gk(O) + : (t - to),
t1 — 1o
and let ¢ denote the point where ¢5(f) = 0, that is
_ t
F=to 96lto) gy, (4.2)

 gk(t1) — gk(to)
Now we prove that if 1 <t <ty <t and ¢o > 2||zg||/||lyx — k]|, then

t1) — t
fr(1) = fx(0) < gi (1) — gi{to) 115) f’“( o) (4.3)
1— %o
Assume (4.3) does not hold true, then since fx(0) > 0 and # > 1 we have ¢1(t) >
lo(t), for all ¢ > t. Since fi(t) is convex, we know that f(t) > ¢1(t), ¢ > ¢, hence

fe(t1) > £1(t1) > L2(t1) = gi(t1), which contradicts fi(t) < gr(t), t € R.

Now we want to impose conditions on tg < t1, such that ¢ > 1. Observe,

g6t) Z9klto) 5 40P (na(t1) — na(t0)) /(s — o)

t1 —to
N ot 2
> p-ng(to)? ™ - (llyk — ),
t1 — 1o
and plugging this estimate into (4.2) we gain
_ t
[>to— 9i(fo) (4.4)
1 PP
p- ek +to(ye —z) P2 - (lye — 2kl — 725)

If we impose the following constraints

o (ty —to) - llyr — zil| > 2C - ||z,
o to- [lyr — axl| > 2C - ||z, 1 <i <m,
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d to : ||y]€ —fEk” Z C7
o to-llye — il = 2 [l
in order to estimate (4.4), we get

EZtQ—Al_AQ_A37

where
1 to
A = < ,
T (=5 ekt tolu — @) [P lyk —akl] T p-(C = 1)
C
[[4|” to-(n—1)
Ay = < ;
;10' [k + to(yr — xk)ll”’1 Ay =il (1=73) ~ p-(C=1)P
L= [zk + to(yx — =) || <t 0-(1+0)
p-(1=3) lyw —axll — p-(C—1)
Using these estimates we gain
_ 1 n—1 1+C
t>ty-[1— — — =1g- 4.5
2 (1= oo e peey) S @9
If we choose C large enough, so that o > %, and define
Z H%H ¢ n 1
Toe—aull | oo —aell @ (4.6)

t1 = 3t0,

so that tg < 1 satisfies our constraints. Hence we can infer (4.5), and get 1 < ¢ <
to < t1, to > 2||zkll/llyx — zx||. Thus (4.3) yields

gk(t1) — grlto
fil1) - fu(0) < 2L 0illo), (4.7)
t1 —to
where 0,1 are defined in (4.6). A straightforward computation shows
k(t1) — gr(t
9ellt) Z9e00) < 1 4y, — a1 + [l o
t1 —to
and so we have
|f(x17' ey =1y Thy Thy1y - - 7xn) - f(xlv' s k=15 Yk Tht1y- - - 7xn)’
-1
S (U4 gk — 2l x + ll2llxn)” g — 2l x-
By induction one can verify
-1
[f(@) = ()| <C- (1L+ llzllxn + lylxn)" -l = yllxn,
where C' depends only on n and p. O

Convolution Operators on L%.

So we recall a well-known criterion for compactness in vector—valued L% . The
result is applied to vector—valued convolution operators with integrable kernel. The
conclusion holds without any assumption on the underlying Banach space X.

THEOREM 4.2 (Kolmogorov—Riesz). Let X be a Banach space, 1 < p < o0
and F C L% (R™). Then F is precompact in L5 (R™) if and only if the following
conditions are satisfied

(i) ?lelgR/ ||f(x)||§( dr < oo,
(11) sup/”f(x—l—h)—f(x)“p dz =% o,
rer)
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(iii) Slé[; / Hf(x)Hi dz 222 0.
{lz|>R}
For more details see [Alt06, Theorem 2.5].

THEOREM 4.3. Let K € LE(R™), 1 < p < oo and X be a Banach space. Then
the convolution operator T given by

Tf=Kxf
maps L5 (R™), 1 < p < oo compactly into itself.

PROOF. Let 1 < p < oco. Given m > 1, we define the operator R,,f =
[+ 1{jz|<m}- Note that R,,, m > 1 are contractions from L% toitself, and R, f — f
in L%, as m — oo. Thus, by the uniform boundedness principle we have ||Rm —1d :
LA — L& || = 0, as m — oo,

Let m > 1 be fixed and B C L% be a bounded set. Denoting T, = Ry, o T
and F = T,,,(B), we will verify the conditions (i)—(iii) of the Kolmogorov—Riesz
compactness criterion, see Theorem 4.2 on the preceding page, for the set JF.

Due to Young’s Inequality we have

5 T < ||K
sup |7 < 1%

PR L Y

thus & is bounded, and condition (i) is satisfied.
Now we verify (ii). For all h € R"™ we have

sup /HTmf(a: +h)— Tmf(a:)Hi dz

fes
R™

<swp [|| [ K@+ h=y) - K@) 1) do
Noting that the inner integral is a convolution, we can apply Young’s Inequality

and gain

iggwnJ@+m—ﬂJ@N§M<i%Hﬁi(JKKW+M—K@MM)'

Since B is bounded in L% and the latter expression tends to zero as h — 0, we
have established condition (ii).

The last condition is satisfied since T}, f is supported in B(0,m).

Now we know that T}, : L5 — L% is compact, and

| T =T+ L — L& || < || R —1d = L — L& || - ||T : L% — L& |

Due to Young’s Inequality T is bounded, and ||Rm —Id H — 0, as m — 0o, thus we
have established the Theorem. O

Fourier Multipliers on L%..
The following is a well-known criterion for obtaining Fourier multiplier with
integrable kernel.

THEOREM 4.4. Given a real number p > 0 and a positive integer n let the
function m : R™\ {0} — C, be such that

}6gm(§)| < A-(&)7r1l L for all multi-indices |o < n + 1. (4.8)
If we define the kernel K formally by K = F~'m, then
[ 1K@l <c. (19)

R™
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where the constant C' depends only on A, n and p.

PRrROOF. First we let 6 € C5°(—1,1)™ be such that 0 < §(§) < 1 for all £, and
§(¢) =1, if |¢] < 1/2. Then define §;(§) = §(27971&) —6(277€), for all j > 1, and
60(§) = 6(&). Then 1 =37, d;(), for all £ € R™. If we set

m;(€) = 6;(§) m(§),

Kj(z) = (F~"my) (),
then K; = .5, K;. Now let a be an arbitrary multi-index such that || <n +1,
then integrating by parts and using (4.8) yields

K5(a)) <l [ Jogmy(e)]dg
Rn
< Ala=e|- / (y~rlelde
Rn
< A|x—a|2j(n—u—\a|)_
Thus we gain
|Kj(x)| < Ala|~N 200nmn=N),
for all 0 < N <n+ 1. Using this estimate for N =n — 1 and N = n we obtain
|Kj(x)| < Ala| 7 H/2 270002,

Using the above estimates with N =mn 4 1 if |z| > 1, and the latter one if |z| < 1,
then

/|Kj(x)| dz < C-279(1=m 4 9=in/2,
R?L

Since g > 0 summing over j > 0 yields estimate (4.9). a

Facts on the Sobolev Space W;l’p.
From now onwards the Banach space X has the UMD-property. We gather
some facts contributing to the proof of Theorem 1.2.

THEOREM 4.5. Let X be a UMD space, n > 1 and 1 < p < co. Ifa € §(R™;C),
then there exists a constant C' > 0 such that

HO‘ : UHW—LP(R";X) <C- ||u||W—1vP(]R";X) (4.10)
for all u € W=LP(R™; X).
Proor. Note that in UMD spaces
HUHW*LP(Rn;X) =771 ()" Tu) ||LP(]R";X)’
where (&) = (1 + [£]?)'/2, and F denotes the Fourier transform. Since
FHEO T (a w)(2) = /eiw-n Fa(n) ()™ T, (F1((6) 7' Fu)) dn,
Rn
where

T, f = T (my (&) FF(E)) my(€) = (&) (€ +m) )Y,

we obtain
levstlly—sm ey < 1) 0¥ | ey 392 [T (5728 TUED) 1y
Observe (€ +1) - (n) > c- (€), for a constant ¢ > 0, hence

07 m,(&)] < A- (&),
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for all multi-indices 3. Note that the constant A does not depend on 7, if N = N(f)
is chosen sufficiently large. Setting N = n+2 will be good enough for our purposes.
Thus we know by [McC84, Theorem 1.1] that

||Tmn : LP(R™; X) — LP(R";X)H <C,
where C' does not depend on 7. Hence
HO‘ ) UHW—LP(R";X) <C- Hf{a(n) <n>n+2||L1(]R”;R) : Hf’r_l(<5>_15U(f))“m(w;x)’

with « being in §(R™; C), and we proved the assertion. O

THEOREM 4.6. Let X be a UMD space,n>1,1<i<nandl <p<oo. Then
there exist operators Ty mapping LP(R™; X) compactly into itself, and To mapping
LP(R™; X) boundedly into itself, such that

—1 —1lea
HuHWﬂ,p(Rn;X) S HTluHLp(Rn;X) +|T(F7HE) e EFu)HLP(]R“;X) (4.11)
for all multi-indices || =1 and u € W~1P(R™; X).
PROOF. As usual, we shall abbreviate LP(R™; X) by L% and W~1P(R™; X) by
W;l’p. We may assume that o = (1,0,...,0) throughout the proof. Choose a
¥ € C3°(—1,1) such that 0 < (t) <1, for all ¢, and ¢(t) = 1, if |[t| < 1/2. Using

the definition of the W;l’p for UMD spaces and splitting the Fourier spectrum
according to ¢ and 1 — 1) yields

e < 17 Qo6 T Tu) [ + 157671 = () (€ T 1T0) | 1y -
Let us define
Tlf:g‘il(ml Sff)7 ml(f):w(£1)<£>7lv gean
Tof =T (ma(t) Tf), ma(t) =t~ (1 — (), teR,

If we can establish that 7T} is compact, and Ty is bounded, we proved (4.10).
Observe that since

|0gm (€)] < C (€)1

|0ma(t)] < C ()71
we can make use of Theorem 4.4 on page 60, thus the associated kernels K; and
Ky are in L}(R",C) and L'(R!,C), respectively. ANglance at Theorem 4.3 yields
that Ty maps LP(R"; X) compactly into itself, and T maps LP(R'; X) compactly
into itself. A fortiori, the operator T5 given by

(Tof)(z1,22. .. xn) = (To(t = f(t,a2,...,20)))(21)

maps LP(R™; X) boundedly into itself. a

THEOREM 4.7. Let X be a UMD space, n > 1 and 1 < p < co. If a € §(R™)
and

Up — U, weakly in LP(R™; X), (4.12)
Oiuy — Oyu, strongly in W~ P(R"; X), (4.13)

then
di(aur) — 9;(au), strongly in W~ 1P(R™; X). (4.14)
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Proor. First, define v, = u, — u, then
19: (@ ve)lyoro < [19:(@) vrllyyorn + [l i wr) [y -1s

Due to Theorem 4.5, we may dominate the right hand-side by a constant multiple
of
HUTHW;LP + Hai/UT‘HW};l,p-

Now we apply Theorem 4.6 on the facing page to the first term and obtain
[orllyy o1 < [[Tivel] g + [1T2(F7HE) "6 For)) | g

where Ty : L5 — L% is compact and Tb : L% — L% is bounded. To summarize,
we have

0 (vl o < |1Tovll g + (T2 = L5 = L[| +1) - 900 0

The first term converges to zero as r — oo, since T} is compact, and v, — 0 weakly
in L. A glance at (4.13) shows that the latter term vanishes as r — oo, as well. O



CHAPTER 3

Shift Operators and the One—Third—Trick

We will present a new proof for the estimates on the shift operators T;,, and
Uy, first established by T. Figiel. For a dyadic interval I let 7,,(I) = I + m|I],
and define the operators T}, and U,, as the linear extension of

TmhI = hTm(I)v
Umhl = 1Tm(I) - 1Ia

where h; denotes the standard mean zero Haar function supported on I, and 1;
the characteristic function of I. The result of T. Figiel in [Fig88] was

I T = LY = L || < € (logy(2 + m)))”,
8
|Un = LY — L5 < C (logy(2 + Iml)) ",

where the constant C' > 0 depends only on p, X and «, < 1. The Banach space
X has to be a UMD-space. The proof of T. Figiel involves hard combinatorics and
has many cases to be considered, especially for the structurally more complicated
operator U,,.

In Section 1 we will use the well-known one-third-trick (see [Wol82] and
[CWWS85]), to define the bilateral alternating one-third-trick operator S and its
unilateral variants Sy and Si, each mapping L% isomorphic into itself.

In Section 2 we will use the operator S to avoid the hard combinatorics of T.
Figiel and reduce the estimates for T}, to the simplest case. The key feature of the
isomorphism S will be that it commutes with 7}, that is the identity

(S 0 Tn)(u) = (Tm © S)(u),

for all u € L%.

In Section 3 we will decompose the more complex operator U, into the five
parts

Un=UnoQ®+ > (AR +B) o ™M,
e€{0,1}

each behaving like the simpler operator T,,, for which we can assume the simplest
case. So the one-third-trick operators S, Sy, S1 in conjunction with this decompo-
sition of U, allow us not only to treat the operators T}, and U,, equally, but also
to consider solely the simplest case for both operators T;,, and U,,.

65
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1. The One—Third—Trick

In this section we will first introduce the bilateral alternating one-third-shift
operator S given by S(hr) = hy(r), see (1.4). In Theorem 1.2 we establish that
S : L% — L% is an isomorphism by means of Bourgain’s version of Stein’s
martingale inequality. Finally, we will consider the unilateral variants Sy and S; of
the one-third-shift operator, and establish in Theorem 1.3 that both are isomorphic
maps from L to itself, as well.

The one-third-trick may be found in [Wol82] and [CWW85|.

1.1. Bilateral Alternating One-Third-Shift.
For every j € Z let

sj=(=1)277/3, (1.1)
and define
s(I) = s, (1.2)
for all intervals I having measure |I| = 277. Then define the one-third-shift map
o(I)=1I+s(I), (1.3)
and the one—third—shift operator
S(hr) = ho(r), (1.4)

where by h,(7y we denote the function h,(;)(z) = hy(x—s(I)). The one-third-shift
of dyadic intervals for two consecutive levels is illustrated in Figure 1.

From this picture one can see that the collection of one—third—shifted dyadic
intervals 0(2) is nested, and ZNo(Z) = (. Note that if a one-third-shifted dyadic
interval J € 0(2) is contained in a non-shifted interval I € &, then dist(J, I¢) >
|J|/3. For every given an interval I € 2 exists a unique one-third—shifted interval
J € o(2), |J| =|I|/2 being contained in I. First observe that for every j € Z and
I € 9; we have

#{J€o(Zjs1) : INT#0} =3,
#{JEO’(@j+1) : JCI} =1.
So we can define w(I) by
w(I)=J, whereJ e o(2),|J|=|I|/2and JC I, (1.5)

see Figure 2 on the facing page.
Note the basic properties summarized in

[ 4 4 i 1 s:»
Level j+ 1 | N

FIGURE 1. One-third-shift of two consecutive levels of intervals.
In this illustration j is even.
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FIGURE 2. The interval I has measure |I| = 277 with j being even.

LEMMA 1.1. The following statements are true.

(i) 0(2) is a nested collection of dyadic intervals, and 2 Na(2) = (.
(i) w: D — o(D) is well defined and injective.
(i) Let I € 9, then w(I) C I.

(iv) For every I € 9 we have dist(w(I),1°) = |I|/6.

(v) Let I,J € 2, |I| =|J|, then dist(w(I),w(J)) < |w(I)| if and only if T = J.

(vi) For all I € 2 we have the identity o(I) = w(I)U (w(I) + sign(s(I)) - lw(I)]).
PROOF. The assertions are easily verified.

O
We need to build up some more notation. For all j € Z and
u = Zu1h1|l|_1
Ic9
let (u); restrict the function u to level j, precisely
(w);= > urhg[I]7". (1.6)
IE@J'
Eventually, we define
I(u); = > urig|I|™ (1.7)
IE@J'
and find due to Kahane’s contraction principle (0.4) that
1 1
IS rows],, a= [ [ Snew],, (1.8)
0 : Ly 0 : Ly
JEL JEZ

The following theorem establishes that the one-third-shift operator S : L% —
L% is an isomorphism.

THEOREM 1.2. Let 1 < p < 0o and X a Banach space with the UMD —property,
then there exists a constant C > 0 such that

1
G lullze < l1sully < Cllully s
for all uw € L%

PROOF. Let u = Y cqurhr [I|71 € L% be fixed throughout this proof and
set

v="> sy lw()]

Ie9
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Note that {w(I) : I € 2} is nested, see Lemma 1.1, assertion (i) and (ii). Observe
we have due to Lemma 1.1, assertion (iii) that I(u )] =E(I(v);|Z;), so the UMD-
property and Kahane’s contraction principle (0.4) yield

||u||L§s/ 17 1 (8) () g

JEZ

/ 1S s (8) Tu)s ],
JEZ

/ IS5 () BQ(w);125)] s, dt.
JEZ

Now we apply Stein’s martingale inequality (0.5) followed by identity (1.8) to pass
from I(v); to (v);, so

[ Um0 B2l at £ [ 150 10l

JEL JEZ
/I\Zm )il d.
JEZ

Recalling definition (1.4) and applying Kahane’s contraction principle in consider-
ation of w(I) C o(I) (see identity (vi) in Lemma 1.1), we estimate

/HZ?«J )illpz dt < 2- / 1> " rj(#) (Su)jll e dt,

JEZ JEZL

so the UMD-property implies

/||Zm )ilze dt S [1Sulls -

JEZ
Thus, collecting the inequalities yields
ullpz S 11Sullzs, -
One can repeat the preceding argument with the roles of u and Su interchanged
and obtain the converse inequality
[Sullzy, < llullzs,-
|
1.2. Unilateral One-Third-Shift.

Now we want analyze modified versions oy and o7 of the one-third-shift map
o. To this end we define 09,01 : Z — 0(9),

oo(I) =J, whereJ € o(2),|J|=|I]andsupJ € I, (1.9)
o1(I)=J, whereJ € o(2Z),|J|=]I| and inf J € I, (1.10)

see Figure 3 on the next page. This induces the one-third-shift operators Sy and
S1 given by the linear extension of

So(hr) = hoy(1)s Ic9, (1.11)
S1(h[) = ho-l(j), l1€9. (112)

Observe that we have either

o(I) = oo(I) or o(I)=o01(1),
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00/\01
7N

ao(l) ' o (1)

FI1GURE 3. Unilateral One-Third-Shifts o and o1 applied to I €
2. In this picture the one-third-shift map o shifts to the right, so
g1 (I) = O'(I)

depending on the direction in which ¢ one-third-shifts the interval I. Anyhow we
can see that

1 1
|Iﬂ00(1)|Z§|I|> |Im01(1)|25|l|7

for all I € 2. This is what enables us to apply the proof of Theorem 1.2 on page 67
with some small tweaks to obtain Theorem 1.3 below.

THEOREM 1.3. Let 1 < p < oo and X a Banach space with the UMD —property,
then there exists a constant C > 0 such that

o lully < [Soully < Cllull
1
o lully < lISrullpy < Cllull
for all uw € L%

PROOF. Define wy and w; by
wo(I) =J, where J € 0(2),|J|=|I|/4 and sup J = supoo(I),
wi(I)=J, where J € 0(2),|J|=|I|/4 and inf J = inf o4 (I),

for all I € 9. Now all we need to do is repeat the proof of Theorem 1.3 with w
replaced by ws to estimate Ss, for each 6 € {0,1}. |
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2. The Shift Operator T,,

Here we will define and analyze the shift map 7, and the shift operator T,.
We will give an alternative proof for the estimate
1T = L = L || < C (logy(2 + ml))?,

first established by T. Figiel in [Fig88]. The proof of T. Figiel involves hard
combinatorics and considering a variety of different cases. We will use use the one—
third—shift operator S introduced in Section 1 to circumvent the hard combinatorics
of T. Figiel and thereby reduce the estimates for T}, to the simplest case.

For m € Z define the shift map 7,,, by

Tm(I) =1+ m|l], (2.1)
for all T € 2 Uo(2). This induces the shift operator T,,, given by
TmhI = h‘r.m(I)7 (22)

for all I € 2 U o(2). It is crucial that the one-third-shift operator S defined
in (1.4) and the shift operator T}, commute, that is the identity

(S oTm)(u) = (Tm © S)(u), (2.3)
for all u € L%.. Analogously, we have that
(S0 0 Tn ) (u) = (T © So)(u), (2.4)

(510 Tn)(u) = (Trm © S1)(u),

for all u € L%, see (1.9), (1.10), (1.11) and (1.12).
We aim at splitting the dyadic intervals 2 into collections f@l@, such that we

may bound T}, o S° on functions supported on o (%l@), 0 € {0,1}. Note that if
§ =0, then S° =1Id and ¢ = Id.

For a given a shift width m € Z, m # 0, the following lemma splits the dyadic
intervals 2 into 16 + 4 - log,(Jm|) disjoint collections %1(6). The collections are
constructed such that for all § € {0,1} and I € %z@ the intervals o°(I) and

(Tm ) 05) (I) have the same dyadic predecessor with respect to of (%’Z@).

LEMMA 2.1. For every integer m € Z, m # 0 let ., denote the map given by
Tm(I) =T +mll],

forallI € 2U0(2), see (2.1).
Then there exist a constant K(m) <7+ 2-logy(|m|) and disjoint collections of

dyadic intervals .@l@, 0<i<K(m),de{0,1} with

K(m)
2= Y U
5€{0,1} i=0
such that
{1, 7 (1), TU T (D) : T €0®(B)} (2.6)

is a nested collection of sets, for all 0 <i < K(m) and ¢ € {0,1}.

PROOF. Due to symmetry we may assume that m > 1, and we set K(m) =
K(—m), if m < —1. So fix a shift width m > 2 and a A\ > 4 such that

A3 <m < 2272 (2.7)
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I
3 09—j 1 o—
127 127
1o— 5 o— ; 1o—j
3277 12277 9-i=A : 3277
: 5 J o §
IR O
PRPIL I I
3 Hel =i
g—i=* a(J) :
g . 1 o— I _ i
15_22 J+%2J A 3279 %(2 J_9-7J A)
o(I)

FIGURE 4. The one-third-shift map o acting on I € 2, |I| =277
and J € 2, |J| =277, where J C I and 7,,,(J) NI = (). In this
picture A is even.

and set L(m) = A — 1. If m =1, then let A = 4 and set L(1) = 3. Now we split 2
into disjoint collections 7, 0 < i < L(m), by omitting L(m) consecutive levels of
2. More precisely, for every 0 < i < L(m) we define

di=J{Ie2:|I|=2" A} (2.8)

JEZ
Next we want to divide each of the &7 into two collections ;24(0) and ;zfi(l),
such that every I € %(0) has the same predecessor in %(0) as T, (1), and szi(o) is

maximal. As a consequence, the collection %(1) consists all intervals I such that I
and 7,,,(I) do not share the same predecessor. But, if we apply the one—third—shift

map o to the collection %(1), then every I € O’(Q/i(l)) has the same predecessor in

0(424(1)) as T (I). We will now construct these two collections. To this end let ¢
denote one of the collections .7, J(M), 0 <i < L(m) and define

G @, I)={Je9 :|J|=2"*1|, JCIand,(J)C I},

(2.9)
GG, 1) ={JeF :|J|=2"MI|, JCIand ,,(J) NI =0}

Revisiting the definition of the one—third—shift map (1.3) and considering the re-
striction (2.7) one can see that

o (e, 1)) € % (o), o(1)), (2.10)

for all T € o, 0 < i < L(m). This means that all intervals J € 0(%1 (Jz{i,]))
are such that J and 7,,(J) share o(I) as common predecessor with respect to the

collection 0(.524(1)). In Figure 4 one can see the action of the one—third—shift map
o on the collection «%. Now define for every 0 < i < L(m) the following collections
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of dyadic intervals

7O = J{ G, 1) : 1€},
(2.11)
42{1'(1) _ %\%(0)'

Finally, for all 0 < ¢ < L(m) and 6 € {0,1} we split %(5) into two disjoint
collections

() (9)
P and B0 (2.12)
such that
B N1 (B) =0, (2.13)

for all 0 < i < K(m) and 6 € {0,1}, where we set K(m) =2- L(m) + 1. Consider-
ing (2.7) and L(m) = A — 1 we find that K(m) <7+ 2-log,(m). For this purpose
consider the collection

éa:{rk(l) : IES@,inf[:O,OSkSm—l},
and observe that

9 = U Tjm (éa) U U Tj-m (g) = -@even U -@odd~
JEL JEL
j even j odd

Now define the collections
33(6) = d(é) N geven

(2.14)
= %(5) N Dodd,

(6)
‘@H-L(m,)—i-l

for all 0 <i < L(m) and § € {0,1}.
With regard to (2.10), (2.9) and noting that 7,,,(I) € Zoaq if and ounly if T €
Deven, we verified (2.6), finishing this proof. O

REMARK 2.2. Note that we actually proved the slightly stronger result
TUT,(I) C 7(1), (2.15)

for all I € of (%Eé)), 0<i< K(m), e {0,1}. Conceive the predecessor map 7
with respect to 0°(2). To be more precise let I € ¢°(2). Then (I) is the unique
interval J € 0°(2) such that J D> I, and 7* =7o---om.

Given 1 < p < 0o, a Banach space X with the UMD-property and m € Z, we
define the projections
POu= 3" (u,hr)hr 171, (2.16)
1€ 8%

for all 0 <i < K(m), 6 € {0,1} and u € L%,. Note the identity

u= Z Z Pi(é)u (2.17)
se{0,1} i=0

holds true for all u € L%, since the collections %’Z@), 0<i< K(m),de{0,1} form
a partition of &, see Lemma, 2.1.

Exploiting that the one-third-shift operator S is an isomorphism on L% (see
Theorem 1.2), we will now estimate the shift operator T,,, on the range of each Pl-(&)
in the subsequent theorem.
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THEOREM 2.3. Let 1 < p < o0 and X be a Banach space with the UMD -
property. Then for every m € Z, 0 < i < K(m) and 6 € {0,1} the inequality

T o PO |, < - [P (2.18)

i i uHL’)’(’

holds true for all w € L%, where the constant C' depends only on p and X. The
projections Pi(é), 0 <i< K(m), 6 €{0,1} are defined according to (2.16), and
K(m) <7+ 2 logy(1+ |m]).

PrOOF. Note that due to symmetry once we established (2.18) for m > 1, the
theorem is proved.

Recalling the properties of the partition %1(6)7 0<i< K(m),dec{0,1} of 2,
see Lemma 2.1 on page 70, and we know that the collection

{1, 7 (1), TU T (D) : T €a®(BD)} (2.19)

is nested, for all 0 < ¢ < K(m) and ¢ € {0,1}. Throughout this proof let m € Z,
0<i< K(m),de€{0,1} and u € Pi(é) (L% ) be fixed. According to (2.16) we may
assume that u has the representation

u = Z ur hy |I|_1.

1€
For every J € 0%(2) let
AC(T) = T U (J), (2.20)
and for all j € Z define the collection
oV = {AD(J) : T e ()} (2.21)
Then specify the filtration {ﬁj(é)}j by

7 = g-algebra ( U %(6)), (2.22)

J
i<j

and observe that due to (2.19) every A (J), J € 0°(Z;) is an atom for ﬂ;é). The
one—third—shift operator is given by

S0 = Z ur hﬂ'é(]) |]|—1 = Z Uy (1) hy |J|_1, (2.23)
165556) JEGJ(%£6>)

see (1.4) for details. We recall the notation

(u); = Z urhr |[II7Y and  I(u); = Z ur iy |[I171,

|I|=2-i [I|=2-J
and note that
1
oSl ~ [ 1m0 1 %), 0,
0 jez

see (1.6), (1.7) and (1.8). Obviously, I (T, S‘su)j <2-E (]I(S‘su)j|ﬁj(6)), hence Ka-
hane’s contraction principle and Bourgain’s version of Stein’s martingale inequality
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yield
1 1
/OH%rj(t)H(TmS‘Su)jHL,;(dtS/O ||%rj(t)2~E(H(Séu)j|ﬁ;5))||L§(dt
J J
1
S [ IS0 1%
0 jez

~ || 6
~ ||l g -
Combining the latter two estimates with Theorem 1.2 on page 67 proves
g <
T S%ull Ly S [l g - (2.24)
According to (2.3) the shift operator T,, and the one—third—shift operator S
commute, so we have the identity
Thu = (575 oTmo 55)(u),
and we obtain by an application of Theorem 1.2 on page 67
Tl g S [|(Tom 0 $°) (@) g - (2.25)

We conclude the proof by joining (2.25) and (2.24).
|

REMARK 2.4. By slightly adjusting the construction of %55) we could replace
Bourgain’s version of Stein’s martingale inequality by the martingale transforms
in [Fig88, Proposition 2, Step 0] in order to gain (2.24). To this end we will
basically have to replace A by A + 1 and redefine % and %, as follows

Go(I, ) ={J € : |J|=2"I|, JCIyand 7,,,(J) C Ip}
u{Je;: [J|=2"I|, JCI and 7,,,(J) C L1},
(I, ) ={Je: |J|=2""I|, JCIyand 7,(J) N I = 0}
U{Je; : |[J|=2"I|, JC I and 7,,(J) N Iy = 0},
confer (2.8) and (2.9). This results in the collection

{Jos ()0 J1s Ten (D)1, JUTm(J) : J € 0®(BD)} (2.26)

being nested for all 0 < ¢ < K(m) and § € {0,1}. With this modifications let us
define

1 1
d‘(féi = E(h‘] + hT’m(J)) and df;?; = §(h‘] - hTm(J))’

for all J € U‘S(ﬂgé)). Since (2.26) is nested, {dgi,dg% S a(%’l@))} forms a

martingale difference sequence. Observe h; = df;?i + d% and h. () = df;?i — dg%,

hence we may swap h; and h. () without using Bourgain’s version of Stein’s
martingale inequality.
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3. A Martingale Decomposition for U,
In this section we will study the shift operator U,,, and prove the estimate
B
[Un + L — L[| < C (logy(2 + [m]))”,

due to T. Figiel, see [Fig88|]. The combinatorics of T. Figiel in order to estimate U,,
are even harder than for the operator T),,. This is mainly due to the observation that
{Tmhr}1eor is a martingale difference sequence for any choice of & C 2, whereas
whether {U,hr}res forms a martingale difference sequence strongly depends on
the choice of & C 2. Making use the one-third—shift operators introduced in
Section 1, we will decompose the operator U, into the five parts

Un=UnoQ®+ > (A9 +BY) o0
e€{0,1}

each behaving like T;,,. Thus, the one—third—trick allows us to reduce the estimates
for U,, to the simplest case, as well.

For every m € Z we defined in the (2.1) the shift map 7, by
Tm(I) =T+ m ||,
forall I € 2 Uo(2). Now we introduce the shift operator U,, by setting
Unhr =17, 1) — 11, (3.1)
forall I € 2Uc(2). Essentially the same method we used to bound T, for functions

supported on the collections %1(0), 0 < i < K(m) qualifies for estimating U,,. This

is primarily due to the fact that {UmhI : T e %l@} forms a martingale difference
sequence, which is ensured by Lemma 2.1. The main obstacle is to estimate U,,
on %§1)7 since {Umhj 1 e z@’gl)} is not a martingale difference sequence. The
remedy to this problem is the martingale difference sequence decomposition of U,
into

Unhr = af) + 057 ) e

Tm (I)?

where

%El’o) ={Ie %El) L inf 7, (1) # inf 7 (7 (1)) },
%El’l) ={Ie %El) sinf 7, (1) = infﬂ/\(Tm(I))}.
Recall that given § € {0,1} and an interval I € ¢°(2), the interval m(I) is the
unique J € 0%(2) such that J O I, and 7 = 7o ---om. The collections {ags) e
%El’s)} and {bgs),b(sz([) I e %51,5)} are martingale difference sequences, each,
see Theorem 3.1. This is what enables us to treat U, like T},,, which is elaborated
in Theorem 3.3.

First, we define ag,aq : 2 — o(9),
ao(I)=J, where J € (), |J|=|I]andsupJ €1, (3.2)
ar(I)=1J, where J € (), |J| =|I] and infJ € I. (3.3)

Note that as = o5, § € {0,1} where o5 was defined in Subsection 1.2. Second,
define the maps By, 81 : 2 — Bo(2),

Bo(I) = ao(I) \ I, (3.4)
Bi(I) = (I)NI, (3.5)

and set

AUI) = BoI) U (1), (3.6)
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e UL 1L T 1 T 1L
w1 al) i aml])  aam)
foll) - B Bolrn(D) (1)

FIGURE 5. The support functions ag, a1, 8o, f1 for I and 7, (I).

Finally, let v9,71 : 9 — 2,

and define

Y(I) =y (I) U (I).

The functions «g, a1, B and 5y are visualized in Figure 5 for an arbitrary I € 2.

With m € Z, m # 0 fixed, we introduce the functions
(0)

ap’ = lag(rm(n) = Lao(n): re2,

b = Loy = Lp,r) re2,
and

af = Loy (1) = Laa(1) e,

b5 = 1ng) — Lrso(ns Ie9.

see Figures 6 and 7. We define the operators AEAZ), B®) and Bfﬁ) as the linear

extension of

A by =a?, Ieg,
BE hy = b, Ie€,
B hr =7 =0l ). 1€,

for € € {0,1}. Note the identities
Un =AY + B = A 4 BE) _BE o1,

(3.14)
(3.15)
(3.16)

(3.17)

hold true for € € {0, 1}, see (3.10), (3.11), (3.12), (3.13) and Figures 6 and 7.

Now we split the collections %1(1) into
%§1) _ %1(1,0) U%ﬁl’l),
where
f@gl’o) ={le %1(1) . inf sign(m) 7, (I) # inf sign(m) ’/TA(Tm(I))},
f@gl’l) ={le %1(1) . inf sign(m) 7, (I) = inf sign(m) ’/TA(Tm(I))},

(3.18)
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FIGURE 7. Martingale decomposition of U,, to the right.

for all 0 <i < K(m), m # 0. Next we define
Qu= 3" (uhs)hs |17,
1€

QM u= 7 (whn) b1

1€+

(3.21)
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for all 0 < ¢ < K(m) and ¢ € {0,1}. The collections %)1(6) are specified in
Lemma 2.1, and %51’6) is defined in (3.19) and (3.20). Now, if we set
Q=3 Q.

=0
3.22
Kim) (3.22)

Q(l,s) _ Z ng,e),

i=0
for all € € {0,1}, then certainly
u=QWu+QHYy4+ QY y (3.23)
for all u e L%.
Note that ng) = me and P(1 Q(l 0 4 Q(l 1), where P , 0 €{0,1} was
defined in (2.16).

The following theorem decomposes the operator U, into five parts, which form
martingale difference sequences, each.

THEOREM 3.1. Let m € Z and fix 0 < i < K(m). The collection %50)
defined in Lemma 2.1 and @§1,5)7 e € {0,1} is given by (3.19) and (3.20). Then
the identity

Untu=UnoQPu+ Y (AL +BY)o@" ) u (3.24)
e€{0,1}
holds true for all w € L% . Furthermore, for every 0 < i < K(m), each of the
collections

(Unht - Te B0}, (3.25)
as well as
{a\ i 1€ 28} (3.26)
and
{69 ) - Te B} (3.27)

constitute martingale difference sequences, for every e € {0,1}.

PrOOF. Within the proof we may assume that m is non-negative. So let m € Z
be non-negative and 0 < ¢ < K(m) be fixed throughout the rest of this proof.
Whenever we apply the predecessor map 7 to an interval I € ¢ (9), we understand
it with respect to 0°(2), where § € {0,1}.

Observe, identity (3.24) follows immediately from (3.23) and (3.17).

First, note that Lemma 2.1 implies that

{1, 7 (D), TUT,(I) : T € B}
is a nested collection of sets, hence
{Umh] I e %’EO)}
is a martingale difference sequence.
Second, we will show that {a(IO) I e %,1(1,0)} forms a martingale difference

sequence. Henceforth, we shall abbreviate %’(1 0 by #A. Now, fix I, J € B, |J| < |1

such that supp ag) ﬂsuppa ;é (. Note that J C ( (J))H, for all J € &, where
K11, K € 2 denotes the unique M C K, M € 9, |M| = |K|/4 such that sup M =
sup K. From this and the definition of 4 it is clear that supp ago) C ai(7(J)) (see

also Remark 2.2), hence

0 # a1(7(J) Nsuppal’ = (a1 (7 (J)) Nao(1)) U (a1 (w(])) N ag(min (1))
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Since |J| < |I], I, J € B, we know that |a; (7*(J))| < |I], thus
either a1 (7*(J)) C ag(I) or ay(7™(J)) C ao(rm(I)),
which finishes the second part of this proof.
The proof that {agl) : I e ,@gl’l)} forms a martingale difference sequence is

essentially the same, and we omit the details.
Third, we will show that {bgo),b(g( n L€ 210} constitutes a martingale

difference sequence. Again, we shall abbreviate @S’” by #. To this end, we
assume there exist I, J € BU 7,,(%), |J| < |I| such that

BNBUI)#0  and  B(J)NBI)" #0. (A)

Since B(J) C v(J), assumption (A) is covered by the following four cases.
(1) A(J) NI # 0 and y(J) NI #D,
(2) Y(J) N0(I) # 0 and y(J) Ny (1) # 0,
(3) v(J) C I and inf §1(I) € v(J),
(4) 7(J) C (1) and inf So(I) € y(J).

If we assume case (1), then inf J = inf I or inf J = sup /. Anyhow, we have that
inf J = inf 7*(J), so we know J ¢ (2 U 7,,(2)), contradicting our assumption.
Case (2) is analogous to case (1). Note that we abbreviated !@1(1,0) by 4, so consider
the definition of %1(1) to see that J ¢ ,@fl’o), and consider (3.19) to determine that
also J ¢ rm,(%§1’0)).

Let us now assume case (3) is true. This means that either inf I + £|I| € v(J)
or inf I 4+ 2|I| € y(J), depending on the sign of the one-third-shift for 7. We fix
z € {1,2} and assume that

inf I + §|I| e 7(J). (3.28)
Due to (3.19) we see that 7*(yo(J)) = 7*(J), so if we set K = 7*(.J), then
inf I + §|I| € K.
This corresponds to either one of the following being true
1 2

inf T+ §|I| —fK +3[K| or  infl+ §|1| =nf K+ 3[K]. (3.29)

If J € # we know J C K11, thus

inf y(J) > inf K + §|K| — 27N K|
‘21 (3.30)
> inf K + §|K|.

Recall that Kj; denotes the unique M C K, M € 2, |M| = |K|/4 such that
sup M = sup K. The last strict inequality holds true since A > 4 per construction
of A, see (2.7) if |m| > 2 and note the exception for |m| = 1 beneath. Combin-
ing (3.28) and (3.30) yields

2
inf I + §|I| > inf K + Z|K|,

which contradicts (3.29) in both cases.
If J € 7,,(#B) we know J C Ky, where Koo denotes the unique M C K, M € 2,
|M| = |K]|/4 such that inf M = inf K. So we note

1
supy(J) <inf K + Z|K| + 27 K]
h (3.31)
<inf K + §|K|
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The last strict inequality holds true since A > 4 per construction of %, see (2.7) if
|m| > 2 and note the exception for |m| = 1 beneath. Combining (3.28) and (3.31)
yields

1
inf I + §|I| <inf K + Z|K],

which contradicts (3.29) in both cases.
Case (4) is analogous to case (3).
Altogether we proved that our assumption (A) was false, therefore

B(J) € Bo(I)  or  B(J) C fuI)

for all I,J € A, |J| < |I| such that 8(J) N B(I) # §. In other words, the support
of by is contained in a set where b§0) is constant, hence

0) (0 1,0
{bg)ab-(r,j(l) L Ie B )}

constitutes a martingale difference sequence.

The proof that {b?),b;j(]) S %’(1’1)} constitutes a martingale difference
sequence is essentially the same argument, so we omit it. |

REMARK 3.2. Specifically we want to emphasize that (3.25), (3.26) and (3.27)
imply that

{UnoQPh; : 1€ 9},
as well as
(A9 0" hy 2 1€ 9},
and
{BO o Q" h; - 1€ 9},

constitute martingale difference sequences, for each 0 < i < K(m), € € {0,1}.
Consider the splitting of 2 into the sets g%’gé), 0<i<K(m), o€ {0,1}, see
Lemma 2.1 on page 70 for details, which we used in Theorem 2.3 on page 73 to
treat the shift operator T,,. Retracing our steps in the proof of Theorem 2.3 we
find that we could actually repeat this proof with the operator T,, replaced by any

of the operators Uy, 0 Q@ A 0 Q(1:9) B 6 QU1e) ¢ ¢ {0,1}. The details are
elaborated in Theorem 3.3 below.

THEOREM 3.3. For allm € Z, 0 <i < K(m) and § € {0,1} let ;%’1(6) denote
the collection specified in Lemma 2.1. Then for every 0 < i < K(m) and € € {0, 1}
we have the estimates

|Unm o Q" UHLI;( <C- HQEO) UHL’;(’

(3.32)
Um0 @ ul| < C- Q7 ul

for allu € L, where C' depends only on p and X . Furthermore, we have the bound
K (m) < 7+2-logy(1 + |ml).

PROOF. Let m € Z and 0 < i < K(m) be fixed throughout the rest of the
proof.
First, we will estimate U,, o QEO). Due to Theorem 3.1 respectively Remark 3.2

we know that {Um on(.O)h, 1:1€e9 } forms a martingale difference sequence, which
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enables us to introduce Rademacher functions via the UMD-property. Hence

Um0 Q@ ull N/ | > m® ) U 17|, at
Ie@‘o) i

/ | S v ) (a1
Ie@‘o) x

for all w € L%. This is all we need to repeat the proof of Theorem 2.3 in Section 2
with T, replaced by Id +7,.

Now we turn to the estimate for U, o le’a), with e € {0, 1} fixed throughout
the rest of the proof.

First, observe that

Un o Q' u= A5 0 Q1 ut B 0 QM u
for all u € L%, see (3.17). Theorem 3.1 on page 78 ensures that both
(A90Q" hy: 1€} and {BYoQ" by : e 9}

form martingale difference sequences, which allows us to introduce Rademacher
means via the UMD-property, hence

145 0 @ ull . < / | X i twhnya? i, a
1e°)
and
BE) (1,e) h b(5)_b(5) h 171 dt
B 0@ ul < [ rr(8) s ) (657 = 0 ) b Y|
IGJ(IE) X

for all uw € L% . Now we can essentially repeat the proof of Theorem 2.3 in Section 2,

for § = 1 and with T}, replaced by Affl) and B,(f;), respectively. We have to utilize the
unilateral operators Sy and 57 instead of S as well, see Subsection 1.2 on page 68.
If we do so, we end up with the estimates

4 00l < [ 5 ro et o 117 0
Ie@(1€> *
and
B 0@l < [ X i) w1,
Ie@“” x

for all u € L% . Thus, considering Pa 1y = Schr and |b§5)| < |Sohs| + |S1h1],

see (1.9), (1.10), (1.11), (1.12) and combining our estimates for Al and B with
the inequalities for the unilateral one-third-shift operators Sy and S7 in Theorem 1.3
on page 69 yields

Um0 Q" ull g < 1180 0 Q" ull g + 1510 @ ull
< 10wl
for all u € L%, concluding the proof. O

Inserting Theorem 2.3 on page 73 and Theorem 3.3 on the facing page into [Fig88,
Lemma 1] one can obtain [Fig88, Theorem 1] stated below for sake of completeness.
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THEOREM 3.4. Let 1 < p < oo, and X be a Banach space with the UMD -
property. For m € Z let the map T, denote the shift map defined by

I—TIT+ml|I|.
Let T, Uy, denote the linear extensions of the maps
Tmhl = hrm(I)7

and

Umhr =1+, (1) — 11,
respectively, then
| T = L — LA < C (logy(2 + [m]))”,
B
||Um . L?{ - L%H < C(log2(2+ |m|)) )

where the constant C' > 0 depends only on p, X and 0 < o, 8 < 1. More precisely,

if L% has type T and cotype C, then one can take o = % — é and B =1-— %
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